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@ Possible consequences!
e ltem response function (IRF) does not follow 2PL
o IRF recovery not good
o Latent trait estimates not good
1(e.g., Liang, 2007; Ramsay & Abrahamowicz, 1989)
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Possible Solutions

@ Estimate entire latent distribution as non-normal

o Empirical histogram approach?!
o Ramsay Curves?

l(e.g., Bock & Aitkin, 1981)
2(e.g., Woods & Thissen, 2006)
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o Kernel smoothing?
o Use of external test with known IRFs*

(e.g., Bock & Aitkin, 1981)

(e.g., Woods & Thissen, 2006)
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Monotonic Polynomial Approach

e Liang (2007)

o Applied to only 2PL (i.e., dichotomous items)
o Uses 2-stage / surrogate-based (SB) estimation approach

o Use first principal component to estimate 6
@ Use provisional  to estimate model parameters using complete-data
likelihood

@ Our Approach

o Model 2PL, 3PL, and polytomous items
o Bock-Aitkin Marginal Maximum Likelihood (EM-MML)?!

1(Bl:)ck & Aitkin, 1981)
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Monotonic Polynomial

A monotonic polynomial:
mi(0) = & + b1 + boif% 4 - - - + bopy1,:6°FT!
And its derivative:
/ _ 2 2k
m;i(0) = ags + a1 + ag” + - - - + a0

1,... controls order of polynomial (2k + 1).
 =1,2,...nis item index.
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Monotonic Polynomial

@ How to ensure m;(f) is monotonically increasing?

e Odd order: 2k + 1
o m}(#) must be positive across 6
o Reparameterize and implement constraints!

TTR _ . 2 g2\
m§(9>={ i’_nuzl(l 2000 + (02; + Bui)6?) :?Zig

o All 5> 0,A>0.

1
(Elphinstone, 1985)
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TTR _ . 2 g2\
m§(9>={ i’_nuzl(l 2000 + (02; + Bui)6?) :?Zig

o All 5> 0,A>0.
o Our parameterization

1oy ) oexp(w;) Hk: (1 — 2030 + (02, + exp(14:))0?) if k>0
mz(e) — u=1 ut :
exp(w;) if k=0

e In(B) =7, and In(A) = w.
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Monotonic Polynomial - Matrix Form?

m'(0) = ap + a10 + agb® + - - - + ag6**

'(6) = exp(w;) Hszl(l — 200 + (a%i + eXp(’Tm'))HQ) if k>0
| exp(w;) ifk=0

ap — Tka_l N T2T1 exp(w)

@ ay can then be converted to by used to compute m(6).
@ Each Ty contains only 73, and «j parameters.
e Useful for taking derivatives of 7 and « parameters

1
(Due mostly to Browne, 1997 as cited in Liang, 2007)
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Monotonic Polynomial - Matrix Form?

1 0 0
—20[2 1 0
T2 = | a3+ exp(r) —209 1
0 a3 + exp(72) —2ay
0 0 a3 + exp(72)

1
(Due mostly to Browne, 1997 as cited in Liang, 2007)
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Logistic Function of Monotonic Polynomial (LMP)

e 2PL

1
1+ eap(—(6; + 7ib;))

P(yi; = 1165, 04, 7vi)

@ LMP: Logistic Function of Monotonic Polynomial

1

Where m;(0) is the monotonic polynomial (order 2k + 1)
@ j=1,2,... N is subject index
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Example IRFs (from PISA 2000 Read Book 8)
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LMP with Asymptote (LMPA)

e 3PL

1 — c(ky)
1+ exp(—(d; +50))

@ LMPA: Logistic Function of Monotonic Polynomial with Asymptote

1 — c(ky)
T expl-mi(0))]

P(yy = 110, ki, §i, wiy 0, Ti) = c(kq) +

1

) T e
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Example IRFs (from PISA 2000 Read Book 8)
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Generalized Partial Credit - MP (GPCMP)

e GPC
xp Y a_o(div + 7ib;)]
P(ysj = ql6;,8:,7i) = —— p[ =y ’ (1)
L St exp [ oo (G +7i6)|
e GPCMP
xp [ a—o (&0 + m; (6:))]
P(yl = Q|0',£i,wiaai,7i) - ° p[ v=0"07 (2)
L St exp [ (o + mi (6)]

e m}(0;) is the monotonic polynomial without the intercept term, &;.
° =0
@ (; is number of categories
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Example IRFs (from PROMIS® Smoking Module)
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@ Misc. Estimation Details

e EM MML

e Soft priors often required for 7 and «

o Prior also needed for ¢(k)

o |dentity matrix added to non-positive definite Hessian
@ Model Selection

o All items as k =0,1,2

e AIC selected:

@ Use AIC to select among above 3 models
o AIC step-wise

o Start at k=0, loop over items as k =1
o Select item with best improvement in AIC
o Repeat (and continue with k£ = 2)

Carl F. Falk & Li Cai (UCLA) Mono Poly IMPS 2013



Simulation Study 1

@ Purpose:
o MP versus 2PL, 3PL, GPC

Carl F. Falk & Li Cai (UCLA) Mono Poly IMPS 2013 16 / 26



Simulation Study 1

@ Purpose:
o MP versus 2PL, 3PL, GPC
@ Manipulated:
N: 500, 3000
# items: 10, 20
Item Type: LMP, LMPA, GPCMP (5 categories)
Order: All true items k=1 or 2
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Simulation Study 1

@ Purpose:
o MP versus 2PL, 3PL, GPC
@ Manipulated:
N: 500, 3000
# items: 10, 20
Item Type: LMP, LMPA, GPCMP (5 categories)
Order: All true items k =1 or 2
o ltems:
o Half based on PISA 2000 Read Book 8 (LMP and LMPA) or
PROMIS® Smoking Module (GPCMP)
e Half randomly generated across 100 replications; based in part on
Liang (2007)
@ Estimated models
e All data: £k =0,1,2, AIC selected
o Subset of data: AIC step-wise
o Scoring: Expected a posteriori (EAP) unless noted
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Root Integrated Mean Square Error

o IRF recovery:!

R 2 B 9 1/2
RIMSE — lzrﬂ(P(eg P(4,)) ¢<0r>] 100
Zr:l d)(er)
@ Replace P() by expected score for polytomous items,
i hP(y = hlo)

@ Replace P() by 6 and sum across true 6 for evaluation of latent trait
recovery

1
(e.g., Liang, 2007; Ramsay, 1991)
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Study 1 Results - IRF Recovery (N = 500; 10 items)

Fitted Models

1 1
LMPA

1 1
GPCMP

35

- 3.0

-25

- 2.0

- 15

All k=0 555 541
All k=1
All k=2
AIC Selected | 5.14 5.71 | 561 545 | 2.64 3.10
AIC Step-wise - 5.16 5.62 | 5.63 5.71 | 2.68 3.05
T T T T T T
k=1 k=2 k=1 k=2 k=1 k=2

Data Generating Model
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Study 1 Results - IRF Recovery (N = 3000; 10 items)
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Study 1 Results - # Recovery (N = 3000; 10 items)

Fitted Models

1 1
LMPA

1 1
GPCMP

All k=0 47.90 44.59
Allk=1 1 42,59 41.27 | 48.36 45.08 | 32.54 29.40
Allk=2 -142.94 41.54 32.61 28.99
AIC Selected 4 42.59 41.27 | 48.35 44.86 | 32.53 28.99
T T T T T T
k=1 k=2 k=1 k=2 k=1 k=2

Data Generating Model

IMPS 2013

- 3.0

25

- 2.0

- 1.5

- 1.0

26

Carl F. Falk & Li Cai (UCLA)

Mono Poly

20 /



Simulation Study 2

@ Purpose:
e MP with EM MML versus other approaches
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Simulation Study 2

@ Purpose:
e MP with EM MML versus other approaches
@ Manipulated:
e N: 500, 3000
o ltem Type: Dichotomous (LMP), dichotomous w/ asymptote (LMPA),
polytomous (GPCMP; 3 categories)
o Items:
e 20 items
e True IRF based on mixture of 2-3 normal CDFs, not MP items
o CDFs randomly generated across 100 replications
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Simulation Study 2

@ Purpose:

e MP with EM MML versus other approaches
Manipulated:

o N: 500, 3000

o ltem Type: Dichotomous (LMP), dichotomous w/ asymptote (LMPA),
polytomous (GPCMP; 3 categories)

o ltems:

e 20 items
e True IRF based on mixture of 2-3 normal CDFs, not MP items
o CDFs randomly generated across 100 replications

Estimated models

o MP as in previous study using EM MML (EM)
e MP using surrogate-based (SB) approach of Liang (2007)
e Kernel Smoothing (KS) using KernSmoothIRT package in R
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Study 2 Results - IRF Recovery (N = 500)

KS 5.09
SB, k=0 - 5.61
< SB, k=1 - 5.09
g SB, k=2 - 5.50
2 SB, AIC selected 5.55 3.85
é SB, AIC step-wise - 5.28 3.98
IS EM, k=1 4.96 5.54 3.91
= EM k=2 -4 | 542 687 386
EM, AIC selected 4.96 5.67 3.70
EM, AIC step-wise 5.14 _ 3.65
T T T
LMP LMPA GPCMP

Item Type
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Study 2 Results - IRF Recovery (N = 3000)

KS -
SB, k=0 -
- SB, k=1 3.72 -
g SB, k=2 4 421 3.87 3.00 -
2 SB, AIC selected 4.21 3.87 3.00 o
< SB,AlCstep-wise | 4.7 3.81 301 - | ro
3 EM, k=14  2.99 2.90 2.81 - L,
= EM, k=2 2.76 3.58 2.23 -
EM, AIC selected - 2.84 2.90 2.23 - ,
EM, AIC step—wise 2.78 3.09 2.27 o
T T T -
LMP LMPA GPCMP
Item Type
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Study 2 Results - 6 Recovery (N = 3000)

KS - 31 00

SB, k=0 3093 -

- SB,k=1-  35.40 39.79 3095 -

g SB,k=2 4  35.38 39.78 3069 -

S SB,AlCselected {  35.68 40.53 3088 -
< SB,AICstep-wise |  35.21 39.79 3070 -6

= EM, k=0 - -
3 EM, k=1 35.69 40.40 - L,

= EM, k=2 |  35.68 40.53 3088 -
EM, AIC selected 4 35.67 40.40 3088 - ,

EM, AIC step—wise 35.57 40.49 _ =

T T T -
LMP LMPA GPCMP
Item Type
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Summary/Conclusion

@ MP models can perform better than standard 2PL, 3PL, GPC, and
kernel smoothing approaches
o IRF recovery and EAP estimates
o Truer at higher sample sizes, more items
o LMPA requires a good prior for guessing parameter
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@ MP models can perform better than standard 2PL, 3PL, GPC, and
kernel smoothing approaches
o IRF recovery and EAP estimates
e Truer at higher sample sizes, more items
o LMPA requires a good prior for guessing parameter
o AIC works ok for selecting degree of polynomial

o Fitting true MP model not always best
e e.g., k=2 true model might be best recovered by k =1
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Summary/Conclusion

@ MP models can perform better than standard 2PL, 3PL, GPC, and
kernel smoothing approaches
o IRF recovery and EAP estimates
e Truer at higher sample sizes, more items
o LMPA requires a good prior for guessing parameter
o AIC works ok for selecting degree of polynomial
o Fitting true MP model not always best
e e.g., k=2 true model might be best recovered by k =1

e SB vs. EM MML difference in IRF / trait recovery
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