CSE
MONOGRAPH
SERIES

IN
EVALUATION

ACHIEVEMENT TEST ITEMS~—
METHODS OF STUDY

CENTER FOR THE STUDY OF EVALUATIOR
UNIVERSITY OF CALIFORNIA + LOS ANGELES







ACHIEVEMENT TEST ITEMS—
METHODS OF STUDY




CSE MONOGRAPH SERIES
IN EVALUATION

SERIES EDITOR
Eva L. Baker

Center for the Study of Evaluation
UCLA Graduate School of Education
University of California, Los Angeles

Los Angeles, California 90024



ACHIEVEMENT TEST ITEMS—
METHODS OF STUDY

Chester W. Harris,
Andrea Pastorok Pearlman,
and
Rand R. Wilcox

Center for the Study of Evaluation
UCLA Graduate School of Education
University of California, Los Angeles, 1977



CSE MONOGRAPH SERIES IN EVALUATION

NUMBER

1.

Domain-Referenced Curriculum Evaluation: A Technical Handbook
and a Case from the MINNEMAST Project

Wells Hively, Graham Maxwell, George Rabehl, Donald Sension,
and Stephen Lundin $3.50

National Priorities for Elementary Education
Ralph Hoepfner, Paul A. Bradley, and William J. Doherty $3.50

Problems in Critetion-Referenced Measurement
Chester W. Harris, Marvin C. Alkin, and W. James Popham
{Editors) $3.50

Evaluation and Decision Making: The Title VII Experience
Marvin C. Alkin, Jacqueline Kosecoff, Carol Fitz-Gibbon,
and Richard Seligman $3.50

Evaluation Study of the California State Preschool Program
Ralph Hoepfner and Arlene Fink $3.50

Achievement Test [tems—Methods of Study
Chester W. Harris, Andrea Pastorok Pearlman, and
Rand R. Wilcox $4.50

This Project was supported in whole or in part by the National Insti-
tute of Education, Department of Health, Education, and Welfare.
However, the opinions expressed herein do not necessarily reflect the
position or policy of the National Institute of Education, and no official
endorsement by the National Institute of Education should be inferred.



TABLE OF CONTENTS

Chapter

I

II

111

Preface

Introduction

Chester W, Harris
Andrea Pastorok Pearlman
Rand R. Wilcox

Data Models

Chester W. Harris
Conventional Significance Tests and Indices of
Agreement or Association

Chester W. Harris
Andrea Pastorok Peariman

IV New Methods for Studying Stability
Rand R. Wilcox
¥  New Methods for Studying Equivalence .
Rand R, Wiicox
VI  Abstracts of Selected Journal Articles
Andrea Pastorok Pearfman
Bibliography .

Adaditional References

vii

17

45

66

77

. 127

. 130






PREFACE

CSE’s research and development efforts are directed toward improv-
ing the practice of evaluation in educational settings. Our major focus
is on the preparation of products for both academic and professional
consumers of evaluation.

Since its inception, one of CSE's major efforts has been the explora-
tion of the field of educational measurement. Over the last decade, the
level of support for research and development in the field of measure-
ment has been relatively low and has generated only a modest number
of findings of impact. Because our program was one of few to receive
programmatic support, the history of our efforts in this field is illumi-
nating. At CSE, landmark development of the Institutional Objectives
Exchange (Popham, Baker, Skager, 1968), the System for Objectives-
Based Assessment in Reading (Skager, 1971), and the continued work
in research on bilingual assessment models (Cornejo, 1977} provide
instances where recognition of the field needs for improved measure-
ment procedures generally outstripped the methodological base for the
developments. Contemporaneous to these development projects, our
recognition of the degree of public expenditures in the area of testing
led us to the preparation and application of criteria for the evaluation
of commercially available tests. Tests covering basic and higher order
intellectual skills as well as the affective domain were evaluated for pre-
school, elementary, and secondary students (Hoepfner, 1972). This kind
of work is continuing with our evaluations of available criterion-refer-
enced tests (Walker, 1977). The findings from both of these test
evaluation projects strongly suggest a need for an integrated theory of
achievement testings. Until such a theory is developed, systematic im-
provement in the quality of achievement tests is unlikely and our basis
for judging progress toward this improvement will be inadequate.

Throughout these years, CSE has conducted research into problems
associated with criterion-referenced and norm-referenced measurement,
using both conceptual and empirical methods. (See, among others:
Klein & Kosecoff, 1974; Baker, 1971).

While our studies have been augmented by those conducted by other
members of the national R&D network (at Pittsburgh Learning Re-
search and Development Center, Wisconsin Research and Development
Center for Cognitive Learning, and the Southwest Regional Educational
Laboragory, for example) aggregating these experiences shows that the
level of understanding of tests, their design, their interpretation, and
their utilities for classroom and policy decision making are at best
rudimentary.
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A review of research conducted in the field of measurement is
disheartening. While measurement theory has relatively strong psycho-
metric bases it has an almost complete lack of substantive or content
underpinnings. Further, the meager substantive theory that is linked to
quantitative concerns draws mainly from psychological theory, primarily
from the area of personality. We do not think that this traditional
psychometric theory is appropriate for achievement tests. A theory of
tests content with quantitative models that correspond to the theory is
needed for achievement tests.

Although some of the issues that need to be addressed by a theory of
achievement tests have been considered they have not been attacked in a
programmatic fashion because it was not regarded in the national
interest to do so; information needs and training requirements for
evaluation personnel were so great that development and dissemination
of such relatively primitive notions about measurements as objectives
were regarded as quantum leaps for practitioners and was therefore
supported. However, there is still the need for long-term attention to
measurement theory. This monograph represents a step toward a unified
theory of achievement testing. Approaching this problem from a quanti-
tative perspective, the authors are fed to conclusions simultaneously
emerging from concerns with instruction.

Because of CSE’s general focus in the area of achievement, one of
our goals has been the development of an integrated theory of achieve-
ment testing. In general, research on a theory of achievement testing
might be conceived of as having at least four major components:
(1) basic problems—comparative, conceptual, and empirical analyses of
alternative measurement approaches; (2) research on the design of tests,
including the creation of non-trivial rules governing their valid specifica-
tion for various purposes; (3) development of models for analysis of
test adequacy through the use of technical indicators; (4) modeling and
experimentation on the interpretation of test results in various environ-
ments.

CSE is addressing each of these four arecas. We expect that our work
will proceed in a configurational rather than linear pattern, with certain
lines of inquiry considered in parallel rather than in sequence. It is not
within CSE’s resources to solve the problem of achievement test theory
single-handedly. But through the setting of a nationally disseminated
research agenda for scholars and practitioners, an agenda that is shared
through conferences and publications such as this, we hope to stimulate
the measurement community to address long-ignored but vital issues in
the areas of measurement.

We invite your comments.

Eva L. Baker

Director, Center for the Study of
Evaluation
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Chapter 1
INTRODUCTION

The purpose of these papers is to describe a point of view concerning
the measurement of achievement and to explore certain consequences of
this point of view. This introductory paper attempts to define the
context within which the nature and purposes of the measurement of
achievement will be considered; this will be accomplished by examining
the relationships between instruction and measurement that set limits on
the practices appropriate for the construction of achievement measures.
We see two types of studies of achievement measures. One type con-
sists of judgmental analyses of the definitions entering the achievement
measures, the procedures used in developing the measures, the judged
structure of the pool of items or parts used to make up the measures,
and the like. These studies are made by presumably informed or expert
judges and are made with reference to the instructional program with
which the achievement measures are intended to be used. The second
type of study examines responses of appropriately defined categories of
students to the achievement measures under certain planned conditions
and uses methods of data summary, analysis, and interpretation that
are specifically designed to answer questions about the functioning of
what we shall call the teaching-testing complex. For both these types of
studies, sampling procedures may be employed as a practical necessity
and, if so, they require that methods of estimation and the development
of satisfactory estimators also be considered as relevant problems for
study within the two types.

The point of view we develop here depends not only on the intimate
linkage of instructional purposes and procedures with measurement
procedures, but also on the conception of the relevant data and how it
arises. Thus, in the second paper, we turn our attention to data models
and attempt to identify models that are consistent with our notion of the
role of achievement measurement in connection with instruction and
that, at the same time, make minimal assumptions about the structure
of the data. This analysis of data models is made at the level of the item
and it sets the stage for the consideration of ways of studying student
responses fo items that will give useful information about the teaching-
testing complex. The remaining papers address this question of useful
response information in this context and how it should be gathered,
summarized, and extrapolated. In these remaining papers we review
conventional tests of hypotheses and estimation procedures, many of
which are well known., However, our requirements often lead to the
rejection, in a particular situation, of an estimator or a test that might
otherwise be recommended. These remaining papers also give new
results for some estimation procedures that are not weli-known and
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2 ACHIEVEMENT TEST ITEMS—METHODS OF STUDY

seem not to have been utilized previously in the study of achievement
test itern responses. For these less well-known estimators, we also
examine some of their technical characteristics.

A point of view. Our concern is with achievement testing that is
linked specifically to an instructional program, and we make no com-
ments about other situations. Furthermore, we do not consider all
possible types of achievement tests. These papers consider only achieve-
ment tests that can be made up of distinct items and that have as their
“natural” metric the proportion of items handled successfully. Thus,
we have nothing to say about the single item test, which might be
represented by an individual's science project or by an individual's
research paper. Instead, we assume that a large (indefinitely large)
number of items is or can be made available, and that it is the propor-
tion of these items that a student can handle successfully which is the
parameter to be estimated for that student. We also have nothing to say
about achievement tests that have a different “natural” metric, such as
a test of typing speed which probably should be scored as a rate rather
than as a proportion correct. These exclusions do not leave us with an
empty set, however, because the achievement requirement in basic skills
and knowledges can be conceptualized as sets of distinct items (item
domains) for which the proportion correct metric gives a meaningful
observation about a student. We recognize that not all instructional
programs may at present be describable in sufficient detail to permit a
definition of an achievement requirement with regard to an item
domain; at the same time, we hope that progress toward such speci-
fication can be made in more and more areas of educational achieve-
merit,

The question of the ways in which the measurement of achievement
is or may be linked to the instructional program deserves more exten-
sive consideration than we undertake here. We merely assume the
objectives of the instructional program exist and that it is possible to
explicate the objectives so as to yield the specifications of what con-
siitutes the evidence of achievement. These specifications should de-
scribe (1) the types of tasks which the student is expected to perform
as a result of the instruction, (2) the types of materials or content
(including “ideas’) that these tasks should involve, and (3) the types of
situations in which the behavior is expected to be elicited. We refer
to work of Hively and his associates (1973} as an illustration of how a
universe of task-plus-content items can be generated from a curriculum
design. We note that their item-generation procedure can define an
implicit universe of items without necessarily producing every one of the
items at a given time. Our requirement will be that a universe of items
exists either implicitly or actually in such a form that it will be feasible
to draw random or stratified random samples from this universe. The
Hively item-generation procedure satisfies this requirement.
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Our notion of achievement testing determines ‘‘how an individual
performs at present in a universe of situations that the test situation is
claimed to represent” (Standards for Educational and Psychological
Tests and Manuals, 1966, p.12), with the proviso that this universe of
situations {item domain) is directly related to the instructional program
in the sense previously mentioned. Given the universe of situations, it
then is possible to use a random sample of these items as an achieve-
ment test for a single student, and it also is possible to use independent
random samples of items for repeated testing of the same student.
Shoemaker (1975) argues for a position much like ours and discusses
the advantages for individual and group assessment that can accrue
from it.

An achievement test constructed on this item sampling principle
yields a proportion correct score which is an unbiased (and maximum
likelihood) point estimate of the proportion of the items in the domain
which the student can handle adequately. It is important to recognize
that this is a generalization based on sampling principles. As such,
the estimate will be biased whenever the selection of items to make up
the test is not random but is based on item analysis procedures which
abandon or eliminate items having certain statistical characteristics,
such as low internal consistency characteristics or low sensitivity to in-
struction, We are aware that others, like Messick (1975) for example,
are willing to bias this estimate; our position is that a random selection
of items from the total item domain rather than one based on item
analysis should be used to construct an achievement test.

The logic of our argument is that: A first and critical step in the
construction of an achievement test is the specification of the objectives
of the instruction and the related specification of the tasks, content,
and occasions that define the behaviors that the instructional program
is designed to promote. This analysis and specification yields an item
universe or item domain, the performance on which would be the
measure of achievement for any student at that point in time. This
measure, if available, would be the universe or criterion score. The
validity of this measure, expressed as a proportion of the item universe
which the student handles adequately, is completely dependent upon the
adequacy of the analysis of instructional objectives and the specification
or generation of the item universe. The concept is closest to the concept
of content validity, but it also invoives a concept of task and occasion
validity. Because the criterion or universe score generally cannot be
made available for a student, since it is not feasible for him to respond
to every item in the domain, we must adopt an estimation procedure.
An obvious procedure is the random sampling procedure we have
mentioned, which uses the proportion of ‘*‘correct” responses to a
sample of items as the unbiased point estimate of the individual's
parameter—his universe proportion correct. An important feature of
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this estimation procedure is that it can be carried out for one individual
student without access to similar data for other students.

The role of item response data. Assuming that our position is correct,
the study of item responses—as in reliability estimation and item
analysis—plays no role in the test development process. It may, how-
ever, play a role in the study of the teaching-testing complex. We turn
to this consideration shortly.

We first wish to make the point that for achievement tests linked
to an instructional program, the responses of students to the achieve-
ment test items are a function of both the instruction and the character
of the items. There is a confounding here that cannot be escaped and
certainly should not be assumed away. In general, we expect that in-
struction, which is a variable that can be manipulated, will affect
performance on any item set, providing the instruction comes at any
appropriate stage for the students; the effects may be many and they
may differ at different stages. This means that item difficulties and
universe scores can be altered and that no assumption about the
distribution of universe scores can be a very comfortable one for long.
It also means that conventional relations between items as variables may
differ at different stages, and thus, that estimates of reliability may
fluctuate in relation to instruction. If so, item response data cannot be
properly interpreted in the absence of information about the instruction-
al history of the respondees. (A corollary, of course, is that achievement
scores for students cannot be properly interpreted in the absence of
information about the item domain,) To be informative, studies of
achievement item response data, then, should be made only for samples
of carefully defined populations of students, with instructional history
a critical variable in defining populations.

It is out position that evidence about the characteristics and/or
functioning of items in an appropriate item domain gathered from one
or more such populations can provide useful information about the
teaching-testing complex. Our view is that it will be useful to character-
ize the item domain at various points in the instructional process. For
example, an obvious expectation is that as instruction proceeds to its
conclusion, there will be an increase in the average, over students, of the
easiness of the items in the domain. A type of study which we describe
later under the label of “sensitivity to instruction” —without ignoring
the fact that both item sensitivity and instructional effectiveness are
reflected in the data—provides evidence about this expectation for any
selected item and for any aggregate of items. Another obvious expectation
is that with practice and familiarity the item response tends to become
stable—i.e., it is learned. This expectation can be tesied and the stability
of response estimated for any selected item or for any aggregate of items
at any stage of the instruction. We also discuss a third type of study of
item response data which considers pairs of items. The expectation is that,
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as instruction progresses, a larger proportion of the students will respond
correctly to any given pair of items that belong to the domain; this in part
reflects the increasing easiness of the individual item but it also reflects an
association between items. We use the term “equivalence” in discussing
this third type of study. These three types of studies can be respectively
interpreted as a validity study, a specific reliability study, and a generic
reliability study. However, our methods, which are discussed in succeed-
ing chapters, are not necessarily those conventionally associated with
these terms.



Chapter 11
DATA MODELS

CHESTER W. HARRIS

We now wish to discuss data models that may be employed in the
measutrement of achievement in the context of an instructional program.
We assume that an item* universe, either implicit or explicit, is avail-
able, and that this item universe defines or conceptualizes at least a
segment of the student achievement that the instructional program is
designed to foster. We also assume that it will be feasible to select, at
random, a sample of these items to employ as a “test” for a given
individual. We begin with a concern for the individual student and the
measurement of achievement for him or her, without reference to any
other student. Later we comment on inferences that the consideration
of scores for samples of individuals may make possible.

We wish to write a linear model for the observations which are taken
to be the item scores for an individual. These item scores are assumed
to be binary, i.e., either zero or one. The first model we write is:

Y,=puta 4y

where y (mu) is an undefined constant that appears in the model largely
for convenience when we later move to the consideration of data for a
population of individuals, and @, characterizes individual j within this
population. It can be recognized immediately that this model implies
that for every item /, individual j secures the same item score (u + a,),
and thus, when the data are binary, the vector of item scores for an
individual consists only of all zeroes or all ones. Thus, model (1)} makes
an assumption about the item responses that nearly always can be shown
to be false for some individual. Note, however, that it is possible to
conceptualize a situation in which (1) might hold: Let the items define
achievement in an esoteric subject matter that individuals never learn
incidentally but only from formal instruction; then, uninstructed per-
sons would be expected to be characterized by a vector of zero item
responses. Also, let the formal instruction be such that an individual
who is completely instructed knows all the items in the universe; then,
instructed individuals would be expected to be characterized by a vector
of item responses each equal to one. Since such situations are rare, we
modify model (1) to permit the representation of other vectors of item
responses.

*We ignore the problem of guessing that is associated with multiple choice items, and
assume throughout that these are preduction items.

6
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Model (2) may be written:
Yy=pta te, (2)

with e; defined as a deviation score that results when (u + g} is
subtracted from the item score. Thus, for binary item scores for a given
individual, e, takes on only two values: 1 — (u+a;) and —(u + a,).
Note that when every e, is zero, (2) becomes (1). Model (2) can now
accommodate a vector with item response entries consisting of any
pattern of zeroes and ones. It does this by taking the expected value of
e;, over items, to be zero for individual j; as a consequence {(u t+ a;) is
the mean item score for individual j, and is a proportion P;, say
0< P, < 1. Note that P, is a parameter for individual j. It then
follows that under model (2) an unbiased (and maximum likelihood)
point estimate of (u + a;} is given for individual j by the observed
proportion correct of a random sample of m items, and that the
observed number correct for a fixed item sample size has a sampling
distribution which is binomial with P; = (u + a;) as the parameter and
the number of items as the index. It also follows that for an item
sample of fixed size an “‘error’” can be defined as the mean of the
e, values for those items included in the sample for that individual
(M..;) and that this *“‘error” also has a sampling distribution which is
simply the linear transformation of the binomial distribution described
above that results when the constant (u + a;) is subtracted from each
observed proportion correct. Note that (¢ + a;) is a constant for any
individual, but is not necessarily a constant across individuals,

An item sampling model of this sort is well known. (See Lord and
Novick, 1968, pp.250-252). The unbiased point estimate of (u + q;)
described above holds for a single individual regardless of variability in
item characteristics such as difficulty so long as a2 random sample of
items is used. This point may not be well understood. A ‘“‘classic”
confidence interval for (4 + g;) may be developed on the basis of the
observed proportion correct for m items, utilizing binomial distribu-
tions. Clopper and Pearson (1934) described such a procedure quite
carly; Walker and Lev (1933, Chapter 3) show the rationale and give
illustrations of such confidence intervals. When the normal distribution
is an adequate approximation to the binomial, procedures such as the
two described by Hays (1973, section 9.26) may be used. Hays empha-
sizes the importance of a large sample size (m, here} for these pro-
cedures to be approximately correct. For large sample size, the binomial
is well approximated by the normal distribution, especially for values
of the parameter, P;, in the range .20 to .80; when P; is very small or
very large, the Poisson distribution gives a better approximation. Novick
and Jackson (1974, sections 10-3 and 10-6) give methods employing the
Poisson distribution which yield credible intervals for the posteriori
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distribution of the proportion correct. They suggest that these pro-
cedures are appropriate when the observed proportion correct is either
.05 or less, or .95 or more, providing m is greater than 10. The
posteriori distribution is associated with Bayesian methods, and the
credible interval is, very roughly, an analog of the classic confidence
interval. Additional methods are available. Novick and Jackson (1974,
section 10-4) discuss a normal approximation to the posteriori beta
distribution that may be used to deveiop an interval that is slightly
different from the two described by Hays. They aiso describe the arcsine
transformation (using the Anscombe approximation) which yields,
under rather general conditions, a variable which is approximately
normally distributed with a known variance that is a function of m, the
sample size, This transformation is often called a variance stabilizing
transformation since the transformed variable has a variance which is no
longer a function of the (unknown) parameter P,. Novick and Jackson
{1974, sections 10-1 and 10-6) describe the procedure, again in the
context of a Bayesian analysis, which yields a credible interval for FP;
derived from the posteriori distribution. Note that in section 10-1,
Novick and Jackson illustrate the use of a uniform prior distribution
and in section 10-6 the use ‘'of an indifference prior. Finally, “direct”
Bayesian methods use a beta distribution as a prior, and this, together
with the binomial distribution, gives a posteriori beta distribution; the
parameters of the two beta distributions are not the same, of course.
One can then construct a credible interval either from tables of the
appropriate beta distribution, which are given by Novick and Jackson
(1974, Table A 14) or from tables of the F distribution. (See Hays, 1973,
section 19.12, for an illustration, and Novick and Jackson, 1974, pp. 124-
125 for an explanation.) This direct method for binary data is discussed
in detail in Chapter 5 of Novick and Jackson (1974).

The mode! given in (2) accommodates any vector of zeroes and ones
as the responses to a universe of items by individual j. A random sample
of these responses then has a mean (x/m, say, where x is the number
correct) which is a point estimate of the unknown P, =(u +a;), or
proportion correct of the item universe. It also is true that x/m is the
mode of the Bayesian posteriori distribution when a beta distribution
with parameters 1 and 1 (the uniform beta) is taken as the prior;
this is related to the fact that x/m is a maximum likelihood estimator
of P,, We present in Table 1 values for an interval constructed in
several different ways as an illustration of these methods; the marked
similarity of the results is in part a function of taking the observed
proportion to be one-half.

Model (2) is a sampling error model for which there is no measure-
ment error in the sense of specific unreliability, i.e., variation over
parallel replications. Instead, e, is what Lord and Novick (1968, Chap-
ter 8) call a generic erroxr. The variance of the e; for a given individual
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Table 1
95% Confidence and Credible Intervals for P, Given that 10 of 20 Items are
Answered Correctly

Method Interval

Low High

Clopper and Pearson (1934) Graphs 27 73

Walker and Lev (1953) Normal Approximation, Formuia 3.3 .30 70

Hays (1973} Normal Approximation Formula 9.26.1 3o .70

Hays (1973} Normal Approximation Formula 9.26.2 28 .73

Novick and Jackson (1974) Normal Approximation, )

section 10-6 .29 71

Novick and Jackson (1974) Arcsine Normal Approximation,

section 10-6 .29 |

Novick and Jackson (1974) Direct beta with indifference

prior, section 10-6 .29 71

Novick and Jackson (1974) Direct beta with uniform

prior, section 10-1 30 .70

is the individual generic error variance; it is simply the expected value
over items of e} for a fixed j since the expected value of e; over items
is zero. This expected value of % can be shown to equal P,Q,, where
Q; =(1 — P;) and thus, is a function of the individual parameter P,. It
foliows that if two individuals are at different levels of instruction,
with P, # P,, their individual generic variances will differ. (An exception
occurs when P, = 1 — P,, since then P,Q; = P.Q., as for example with
P, = .4 and P, = .6) It is possible to make an unbiased estimate of this
generic error variance for any individual from the responses to two or
more randomly selected items. For two items, the estimate is simply
one-half the squared difference between scores on the two items. For
binary items, this squared difference takes values only of zero or one.
For m items, the unbiased estimate is simply mp,q;/(m — 1) where p; is
the observed proportion correct for the m items.

The individual generic error variance can be averaged over a popula-
tion of individuals to yield the group generic error variance. Assume
model (2) for each individual in a population. Then the group generic
error variance is the expected value of e} over both items and indi-
viduals. With more than one individual we have unmatched sample
data when each individual responds to a different random sample of
items, and matched sample data when each individual responds to the
same random sample of items.

For either case, an unbiased estimate of the group generic error
variance can be secured by averaging the unbiased estimates of the
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individual generic error variance under the restriction that m, the
number of items, is constant for each individual. For unmatched data,
this estimate is the analog of the observed mean square within indi-
viduals in a one-way analysis of variance framework where individuals
play the role conventionally assigned to treatments in this anova frame-
work and items are nested within individuals. It is also important
conceptually to recognize that homogeneity of individual generic error
variance generally does not hold, and that this observed mean square
has as an expected value an average variance and not simply an
assumed constant variance. We will consider matched data later.

The one-way analysis of variance framework has a second observed
mean-square, that between individuals. We assume that the J individuals
entering the sampie of individuals are randomly drawn and that each
individual responds to a different random sample of m items (unmatched
data). The structure is like that of a one-way random anova, and the
expected value of the mean square between persons has three com-
ponents, one of which is null. These are:

(a.f - Ma)z
mE z ———'———J 1

M., - M.\
J-1

mEz
7

- Ma)(Me-j - Me--)
J—1

2mE z (a,

This first expected value is simply m times the population variance of
the a, values. The second expected value is the group generic error
variance for the population. The third term should be understood as an
expectation over items within individuals and an expectation over in-
dividuals. Under these conditions, this term is zero even though the
population covariance of the a, and the e; for any one item is not
necessarily zero; Lord and Novick (1968 p. 182) show this using a double
expectation. This anova structure therefore gives, as the expected value
for the mean square between persons, m times the population variance
of the a; plus the population group generic error variance; the expected
value for the mean square within persons is the population group generic
error variance, The observed values of the anova therefore can provide
an unbiased estimate of the population variance of the a,, We are
concerned here with estimation, and not with tests of significance.
Further, we certainly do not imply that a variance-ratio test on the
observed mean squares is justified by these remarks about unbiased
estimates; additional distribution assumptions clearly are needed for
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such tests. We also believe that m should be a constant for each indi-
vidual in this anova framework, and we interpret Hayes (1973, pp. 529-
530} as supporting this position.

Next, let us postulate a row-by-column item response matrix (in-
definitely large in both directions) with rows designating individuals ()
and columns designating items (£). Such a matrix can accomodate
indefinitely many item responses of indefinitely many individuals. Cen-
tering this matrix only by rows gives the e, of model (2); now let us
conceptually double-center this matrix in order to define two parts of
e;. One way to conceptualize the double centering is to regard it as
subtracting both the row and column mean from any cell entry and then
adding back in the grand mean for the whole matrix. We then specify
as a model:

Y,j =u+ a; + b, +fij- (3)

Y ; is the binary score (zero or one) of individual j on item /; u and a, have
the same definitions as for model (2). The double centering splits e, into
the two parts (b; + f;;), where b, is a constant for individuals but has an
expected value of zero over items. We may describe b, as the relative
bias of item 7, and (u + b,) as the {normative) difficulty of item ;. When
every b, is zero and thus, items are of equal difficulty, (3) becomes (2)
with f; = e,. We point out here that £, has an expected value of zero over
both items and individuals, and that the generic error of measurement
is made up of the relative bias of the item (b,) plus this residual ( £,).

We can identify (3) with the Cornfield and Tukey {1956, section 8,
esp.) pigeonhole model in which there is a single value in each cell or
pigeonhole. They describe this as an additive model for a bisample of
rows and columns drawn from an arbitrary row-by-column matrix of
constants (p. 918). The constants are the item scores for the individuals.
They also point out that the £, terms are not interactions in the sense of
being well-defined functions of the row and column parameters, since
there can be row and column combinations for which these parameters
are equal, but the f; are not equal. Instead, the f; elements of (3) are
defined strictly as the “‘residuals’ given by double-centering the compiete
matrix, and they are not the “errors” that ordinarily would be defined
by considering fluctuation over occasions or replications of the item
scores.

Let us define (4 + 4} as the domain score (proportion correct) for an
individual and (b, + £,;) as the error of measurement as before. Then the
variance of a fixed item is the expected value over individuals of
(a; + £, which is the expected value of the sum (a?+ 2 + 2a,f,). Since
a;f,; does not necessarily have an expected value of zero, it follows that
the variance of an item has three components. One of these is the
expected value of 4} and is the domain score variance, since u is a
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constant over the whole matrix. A second is the expected value of £}
which is the variable portion {(over individuals) of the error of measure-
ment. We can conclude then that the observed score variance (for any
item) is not equal to the sum of domain—or “‘true’—score variance and
error variance. We also can deduce that the residuals for two different
jtems may not necessatily be uncorrelated in the population of individ-
uals. Consider a finite universe of items. The population variance-
covariance matrix for the residuals (with, of course, variance and co-
variance defined over individuals) necessarily sums to zero both ways
since the expected value of the £, is zero over items. Thus, when the
diagonal terms of this variance-covariance matrix (the variances) are
positive, as they always should be, the off-diagonal terms (the covari-
ances) in any array (row or column) cannot all be zero, and thus, the
intercorrelations of these residuals cannot all be zero. Since the f;; make
up the variable (over individuals) portion of the generic error of measure-
ment, it follows that the errors of measurement for different items are not
necessarily uncorrelated. Again, considering a finite universe of items, we
observe that with model (3) it is impossible for the following two con-
ditions to hoid simuitaneously:

(a) an observed proportion right for m items is an unbiased estimate

of the domain proportion right for every individual;
(b) errors of measurement are uncorrelated in the population of indi-
viduals for all pairs of items.

It is important to stress this point, since for achievement tests it often
is reasonable to regard the item domain as finite, even though it may
be quite large. For example, items consisting of five two-digit numbers
to be added make up a domain of 10"° items (9'° if zero is excluded; a
smaller number if position in the column is considered); this is a fairly
“large” finite domain. For such a domain, an item sampling model
would be attractive because of the possibility of unbiased estimation of
the domain proportion right for any individual even though one must
accept correlated errors.

We regard (3) as a appropriate mode] for what we call the single-pass
matrix. The notion is that we can imagine or conceptualize each indi-
vidual’s attempting each of the items and that the results of this single
pass over all items by all individuals are contained in the matrix of zeroes
and ones. We would argue that in many instructional situations it is both
realistic and appropriate to regard the data of this single-pass matrix
as the data of interest. The question that those managing the instruction
often wish to answer is: How well can the individuals perform on this
universe of items at this time? By using an item sampling principle
relevant estimates for particular individuals can be made. By using a
matrix sampling principle, which yields matched data, estimates can be
made of the group generic error variance, of item bias, and of the
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covariance of the observed score on an item with the generic “true’
score, which is the domain proportion right.

The term b, in (3) has already been identified as the relative bias of an
item. This bias may be estimated by fixing that item and then comparing
the observed mean for that item with the observed mean proportion
correct of a randomly selected set of items, where the set does not
include the fixed item. For only two items, one of which is fixed and the
other of which is chosen randomly from an infinite universe of items, the
estimate is simply the difficulty of the fixed item minus the difficulty of
the randomly sampled item. In the next chapter, we consider this estimate
as an index of departure from equal difficulties. It also is possible, for
a fixed item, 1o estimate the covariance of the observed score on this item
with the generic “true” score; the estimate is simply the average of the
covariances between this item and a random sample of distinct items
(using » — 1 as a diviser for each covariance). Lord and Novick (1968,
pp. 190-191) regard such a covariance as providing important informa-
tion about an item since, in this model, this covariance is not generally
equal to the ““true” score variance as it would be for a model of strictly
parallel tests. The data for a matrix sample may be treated in an
analysis of vartance framework, yielding observed mean squares for items,
for individuals, and for residuals. We have already pointed out that this
third mean square is an unbiased estimate of the group generic error
variance. Lord and Novick (1968, section 11.5) show how the variance
(over individuals) of the domain proportion right score may be estimated
from a matrix sample. Sirotnik (1970) gives a similar demonstration. In a
matrix sample (matched study), when the same two binary items are used,
the estimate of the group generic error variance based on responses to
the two items is simply (& + ¢)/2n where (b + c)/n is the proportion of
individuals who make inconsistent responses to the two items (0, 1 or
1, 0). This type of estimate plays a role in the work reported in Chapters
4 and 5.

Important characteristics of model (3) may be summarized in this
fashion. The model provides a domain proportion correct (u+a;), a
measure of relative bias for the item (b,), and a “residual” (f,). This
residual is the variable (over individuals) portion of the individual generic
error variance, and is not in general uncorrelated with any other residual
or with ¢, which is the variable (over individuals) portion of the generic
“true’” score. Since generic ‘‘true” and “error” components of any item
score are not uncorrelated in a population of individuals, there is no
unique generic reliability coefficient for an item or for a “test” made up
of a sum of items. Group generic error variance, generic “‘true’ score
variance, and the covariance of observed score with generic *“‘true” score
can all be estimated, but observed score variance is not in general equal to
the sum of group generic error variance and generic “‘true’ score variance
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for an item. Thus, for one item or for a test of several items, the familiar
ratio of “true’’ variance to observed variance is not necessarily equal to
one minus the ratio of “error” variance to observed variance, and neither
of these is necessarily equal to the squared correlation of “true” score
with observed score.

These characteristics indicate that there are limitations associated with
the item sampling model in that conventional interpretations of such itemn
~ achievement data may not be appropriate or adequate. If, as we maintain,
the single-pass matrix is a realistic model for certain types of achievement
testing, the problem of appropriate interpretation and analysis deserves
further examination. An attempt to do this is represented by work that
appears in the following chapters.

We now consider briefly a second concern about the variability of item
scores. In our discussion of models (2) and (3), we examined variability
across an item domain for a population of individuals; to use a conven-
tional term, we were concerned with item equivalence. We now turn to a
concern about variability over replications which is reasonably well de-
scribed as a concern with item stability.

It appears to be conventional to regard replications as strictly parallel
measures, at least in theory. If replications are strictly parailel, then the
error of measurement may be labeled specific, rather than generic, and
several important conditions hold generally for model (4), which is written
for a fixed item:

Y,=uta;t+e;: (4)

(Y,, is the binary score on the fixed item for personj on replication 7,  is
the mean score for this item over both replications and individuals,
a, is the mean score of person j over replications, and e, is the specific
error.) Under parallelism, conditions that hold are: (1} The expected
value of the individual specific errors over replications is zero, and so we
have unbiased estimation of the individual's item score. (2} For any
replication, the observed variance is equal to the sum of “true” and error
variance, and the error component e;, is uncorrelated with the “true”
component (u + a,). (3) Further, the error components for different repli-
cations are uncorrelated with each other, and for any two replications the
covariance of “true” plus error components equals the “true” variance
component. This fits the well-known “classic”’ model (Lotd and Novick,
1968, Chapter 3) Thus, when strict parallelism holds for replications,
estimates of specific reliability are straight-forward and give a sufficient
characterization of the item or sets of items as a measuring instrument.
We now wish to develop for mode! (4) an argument similar to one
developed for model (3). First, let us assume that replications have the
same population mean (over individuals) and thus, assume that it is not
necessary to separate e, into two parts. (Recall that we separated the
e,; of model (2) into two parts, giving us model (3), on the grounds that
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the items are likely to differ in difficulty.) Next, let us consider a finite
number of replications for a population of individuals and construct
the variance-covariance matrix of the ¢, terms. Unbiased estimation of an
individual’s item score in model (4) requires that the expected value of ¢,
over replications equals zero. If so, it follows that this variance-covariance
matrix must sum to zero both ways and that the covariances cannot all be
zero so long as the e, are real numbers and thus, have non-negative
variances. We therefore conclude that for a finite number of replications
we cannot have, simultaneously, unbiased estimation of an individual's
item score and linear experimental independence (zero correlation) of the
specific error terms e;.. In other words, for a finite number of replications,
assumptions 3.1.2 and 3.1.4 of the classic model (Lord and Novick,
1968, p. 36) cannot hold simultaneously for all errors,

We now conjecture that a similar conclusion holds for a denumerably
infinite set of replications. It seems clear that replications must be
countable and thus, can only be denumerably infinite. Expected values
exist for a denumerably infinite set (consider for example the mean of an
infinite number of observations on a population of individuals), and so we
conjecture that it is meaningful to conclude that zero is the expected
value for any denumerably infinite array of the variance-covariance matrix
of the e,.. If this holds, then the expected value of only the covariances
of any replication error, e;,, with the remaining errors cannot be zero, and
thus, the correlations cannot ali be zero. We are careful to label this a
conjecture, and we would welcome commentary concerning it. If our
conjecture is correct, the notion of specific reliability and its estimation
may need reexamination.

In our discussion of data models, we have drawn a number of points
from the work of Lord and Novick (1968), particularly from their Chapter
B. They point out that earlier work by Cronbach and his associates
develops the notion and advocates the use of a generic true score; much
of this work is now available in a single volume (Cronbach, et al, 1972).
Recently, Cardinet ez al (1976) suggested applications of generalizability
theory to educational measurements, making extensive use of intraclass
correlation coefficients.

We merely state again that such coefficients are somewhat ambiguous
when the “true’” and error components of a measurement are not linearly
experimentally independent; Lord and Novick (1968, Section 11.5) regard
such a variance ratio as inadequate for describing the relation of observed
score to (generic) “‘true” score under these conditions.

We close this chapter by emphasizing limitations which characterize it.
We have not mentioned what are called fixed effects in the analysis of
variance; the Cronbach and Cardinet references may be consulted for
information about possible roles of such effects in measurement situa-
tions. We see the random selection of items from a domain as a critical
requirement for the type of achievement testing we are concerned with.
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For one individual, this permits a meaningful inference about his domain
score. By also considering the random sampling of individuals, we are
able to employ the one-way random anova framework for the estimation of
individual and group generic error and generic ‘‘true’’ score variance;
this is an unmatched data study. We have emphasized the analysis of
matched data in our discussions of models (3) and (4), and we continue
this emphasis in the next chapter. We have given no attention to the
problem of sampling replications. It may be that the fact that replications
occur in time makes their sampling a special problem that cannot be
solved by a model like an urn model.

Finally, we have not attempted to bring models (3) and (4) together
into a single design. We see that this might be done in two different
ways: One would be to regard replications as nested within the pigeon-
holes of model (3); for any fixed individual and item, the propensity
distribution would describe these replications. Another would be {o set
up a three-way, completely crossed design, with individuals, items, and
replications as the main effects or facets; Cardinet et al (1976) illustrate
a similar three-way design with moments, objects, and subjects as the
facets. We recognize that it is conventional to label certain variance
components “‘interactions,” but we cite Cornfield and Tukey (1956) again
to call atiention to the distinction between interactions (which are
functions of the row, column, and or slice parameters) and residuals in
the pigeonhole model. Such a pigeonhole model can, of course, be three
dimensional. The relative merits of the nested and crossed designs
probably need further analysis.



Chapter 3
CONVENTIONAL SIGNIFICANCE TESTS AND INDICES
OF AGREEMENT OR ASSOCIATION

CHESTER W. HARRIS
ANDREA PASTOROK PEARLMAN

Throughout the remainder of these papers, we shall be concerned with
data that can be summarized meaningfully in a two-by-two or fourfold
table. We can specify several situations or types of study for which such
a data summary is an appropriate one. Given a sample of r individuals,
we may have data which provides two distinct dichotomizations of the n
individuals. A familiar example occurs when we have two binary item
scores (0, 1) for each individual; it follows that focusing attention on one
of the items provides a dichotomization of the individuals into two
groups, and focusing on the other item provides a second dichotomiza-
tion of the same individuais. Considering both items jointly yields four
groups: those who answer both items correctly, those who answer both
items incorrectly, those who answer Item A correctly and Item B
incorrectly, and those who answer Item A incorrectly and Item B
correctly. We can count the number of persons in each of these four
groups and thus create the following table:

Display A (Observations)
Item B
1 0
Item A 1 a b at+b
0 ¢ d c+d
ate b+d n

Here a, b, c, and d are the observed frequencies of the four categories
of individuals, and these observed frequencies sum to n#. The headings
1 and O designhate the item scores. The marginals (@ + b), (¢ +d),
(a + c¢) and (b + d) are the frequencies observed for the headings 1 and 0
for the two observations. Such a display also can accommodate the data
given by a study in which the same item is administered on two separate
occasions to the same sample of individuals. For this type of study, rows
and columns designate not different items, but two different occasions,
and may be labeled First Administration and Second Administration as
in the study of the sensitivity of an item to instruction.

17
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Display B {Observations)
Second Administration
1 0
First Administration 1 a b at b
¢ c d ct+d
atc bt+d n

Frequency data may be transformed to proportions. By using n as a
divisor for each frequency in the two-by-two table, we create a new
display of sample proportions.

Display A (Sample Proportions)

Item B
1 0
Item A 1 P11 P P
0 Poi Poa Po
P P 1

Note that (a + b)/n gives p, , or the observed proportion correct for item
A, and that p,, gives the proportion of persons for whom Item A is
coded 1 and Item B is coded 0. Marginal proportions are indicated by
using a dot to designate the observation over which the sum is computed.
In some of the discussion, we shall be concerned about the temporal
sequence of observations and will regard a statistic like p,, as indicating
the sample proportion for which the First Administration is coded 1 and
the Second Administration is coded 0.

Display B {Sample Proportions)

Second Administration

1 ¢
First Administration 1 P P P
0 Po: Poe Do
P P 1

We can now write the population proportions or parameters that
correspond to these sample values.

Display A (Parameters}
Item B
1 0
Ttem A 1 P, Py Py
¢ Py, Poo Py
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Here P, is the proportion of individuals in the population who answer
Item A correctly. A similar display can be constructed for first and
second administrations.

Display B (Parameters)
Second Administration
1 0
First Administration 1 P,, Py P,
0 Py Puy Py
P, P, 1

In specifying various hypotheses that may be tested, we refer explicitly
to parameters. In describing estimation procedures and the sample val-
ues employed in testing hypotheses, we refer to the observations or to the
sample proportions.

The headings 1 and 0 for either the rows or the columns as discussed
thus far represent categorizations of the sample or of the population
based on performance on a single test item. However, we also want to
consider significance tests and estimation procedures when one of the two
categorizations is made on a slightly different basis. For example, the
headings 1 and O for either the rows or the columns may also represent
categorizations of the sample or the population based on instructional
history, such as Instructed and Not Instructed. These three displays
(Display C) would be relevant in a prospective study of sensitivity of
an item to instruction. We discuss this type of study later and show how
it differs from a study in which the same item is administered prior to
and following instruction, a design for which the First Administration,
Second Administration Display (Display B) is relevant.

Display C (Observations)
Item
1 0
Instructed 1 a b a+tb
Not Instructed ¢ ¢ d c+d
ate b+td n

Display C (Sample Proportions)

Item
1 0
Instructed 1 P Pie P+
Not Instructed 0 py, Poo Po.

Pa Do 1
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Display C {Paramaters)

Item
1 0
Instructed 1 P, Py, Py
Not Instructed 0 Py, Py Py
’ P, P, 1

Another method of arranging the data for two items is given by
Display D (Observations), which is a modification of Display A.

Display D (Observations)

Item B
Same  Different
Item A 1 a b a+b
1] d c ct+d
at+d b+e n

This arrangement focuses attention on the consistency or inconsistency of
the responses to the two items, with Same meaning both responses
correct (all a) or both responses incorrect (all d). The sample proportions
and parameters are:

Display D (Sample Proportions}
Item B
Same Different
Item A 1 P P F28
0 Pao Po Po.
PutpPuw  PuTpo 1

Display D (Parameters)

Item B
Same Different
Item A 1 P, P, P,
0 Py Py, P,
Pt Py Pyt Py 1

Whenever we have data for the same item administered on two
occasions it is possible to medify Display B to emphasize the correspond-
ence of the response on one occasion to the response on the other
occasion. For example, we may create this display:
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Display E (Observations)
Second Administration
Same  Different

First 1 a b a+b
Administration 0 d e c+d
atd b+c n

The sample proportions and the parameters are:

Display E (Sample Proportions)
Second Administration

Same Different

First 1 P Do P
Administration 0 Pao Por Do
Pt puw  putpn 1
Display E (Parameters)
Second Administration

Same Different

First 1 P 1 P 10 P 1.
Administration 0 Pas Py P,
P11 + PII(I P1ﬂ + Pl" 1

Note that duals of these three displays exist if we take the second
administrafion as the referent and code the result of the first administra-
tion as Same or Different; these duals are transposes of the matrices.

The Chi Square Test of Significance. It is possible to distinguish
different significance tests for these two-by-two tables. The best known of
these probably is the conventional chi square test, which is an approxi-
mate test of independence, with independence referring to a situation
in which the population values within the four cells are perfectly pre-
dictable from the population marginal values. For a two-by-two table, the
conventional {uncorrected) chi square sample value is computed as

r{ad — bc)?
(@ + b)¥e+d)b+d¥a+c)

Here the chi square test of independence (which is also a test of the
hypothesis that P,,/P , = P\o/P, or, alternatively, that P,./P; = Py /Py )
has one degree of freedom since v=RC-1-(C—-1)—-(R-1)
= (R — 1}C — 1) = 1, where R designates the number of rows and C the
number of columns. For a fourfold table, which has degrees of freedom
equal to unity, the chi square measure is also the Cramér measure which
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Goodman and Kruskal (1954) regard as giving a better norming than the
contingency coefficient. They also warn that:
“The fact that an excellent test of independence may be based on x* does

not at all mean that y°, or some simple function of it is an appropriate
measure of degree of association.” (Goodman & Kruskal, 1934, p. 740)

When degrees of freedom equal unity, Yates's correction for continuity
may be employed with the chi square test. The size of chi square is
reduced by changing the frequency in each cell by .5 yet maintaining
the marginal totals. Thus, the chi square sample value adjusted by
Yates's correction is computed as

nllad — be| — n/2)
(@a+bc+da+e)b+d)

The Fisher exact test for a two-by-two table is, of course, always
available rather than the chi square test which is an approximation to the
randomization test represented by the Fisher method. For large samples,
the Fisher exact test is laborious to compute. Hays (1973, p. 738)
observes that Fisher's exact test computes the exact probability “for a
sample’s showing as much or more evidence for association than that
obtained, given only the operation of chance.” It is essentially a one-
tailed test which tests the null hypothesis that any apparent association
in the table is determined by chance. When the actual table obtained
falls among those unlikely to occur over all random assignments of the
subjects in columns to the rows, or of subjects in rows to the columns, the
null hypothesis is rejected in favor of one which says association exists
beyond chance expectation.

Garside and Mack (1976) investigated the Type I error rate in the
homogeneity case (two of the marginal totals are fixed in advance as
might be true of Display C) of the two-by-two contingency table. For
the homogeneity case, Garside (1971) and Boschloo (1970} published
tables of corrections which purported to give better results than either the
Fisher exact test or y* with Yates’s correction since their Type I error
rates were in general closer to @ and did not exceed a. Calculations of
the actual Type I error probabilities were computed for five tests: the
uncorrected x? test, y* with Yates’s correction, x* with Garside’s correc-
tion, Fisher's exact test, and the Boschloo modification of Fisher’s test.
The results of the Garside and Mack (1976, p. 18) investigation,

show that, in general, Boschico's and Garside's error probabilities are very
similar and much closer to o than Fisher’s and Yates’ errors (which are very
similar to each other). . . . The uncorrected chi sqaare test gives actual error
probabilities which usualiy exceed a for some values. . . .

We now wish to consider the use of the chi square test in studies that
can be represented by Displays A, B and C. For Display A (Parameters),
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independence means that Py, = P, P,, P,w =P, P,, Puu =P P, and
Py, = Py P,. When independence holds, it will also be true that, e.g.,
P, /P, =P, =Py, /P, ; in other words, the conditional probabilities
P,./P, and P, /P, are equal. This would mean that the same pro-
portion of the population answering Item A correctly and the popula-
tion answering Item A incorrectly would answer Item B correctly.
(Independence also means that P.o/P, = P, /P,_.) If the hypothesis of
independence is rejected as a result of the ¥* test on the sample values,
we may conclude that the responses to the two items are associated (not
independent); we do not, however, have in the probability associated with
the sample ¥? value a measure of the degree of association. This is a first
point about the use of ¥* with Displays A, B and C.

In the study of respones to two different items (Display A), it may be
informative to test the hypothesis of independence; however, when the
two items are drawn from the same item domain then we may quite
reasonably expect to reject this null hypothesis and thus, we may learn
very little from a significant test result. In a situation such as this, it
is a measure of association (or possibly of agreement) that could be more
informative. Later in this chapter, we shall review some conventional
measures of this type and comment on their utility. Also, in Chapter 5
we consider some less familiar approaches to estimating agreement or
association.

Next, let us consider the use of the y* test with the administration of
the same item on two distinct occasions (Display B) that are closely
related in time. We assume that during this short period of time there is
no major change in the performance of the individuals, and that the
changes in response that do occur are evidence of lack of stability, or
specific reliability in Lord and Novick’s terms (1968, Chapter 7). Under
these conditions, it is hardly reasonable to expect independence of the
responses on the two occasions, and consequently the test of inde-
pendence would seldom be informative. Instead, the outcome of the x*
test in this situation is, almost certainly, merely a reflection of the power
of the test. The test of independence for Display B may be stated as:

Hu: PH = Plli
Py P
HI: PH # PUI
ST )

(This is the same as for Display A.) Rejecting H, in favor of H, leads to
the conclusion that the conditional probability of answering the item
correctly on the second occasion is different for two populations: those
who answer it correctly on the first administration and those who answer
it incorrectly on the first administration. This is what is expected;
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however, the expectation goes further, since in this situation we would be
somewhat astonished to find P, greater than P,,, even though this is
consistent with rejecting H, in favor of H,. In other words, we expect a
positive relation between responses to the item on the two occasions,
rather than a negative relation; but either relation is consistent with a
rejection of the hypothesis of independence. We conclude that the x* test
often is not informative in the case of Display B as well as the case of
Display A, and that, for both cases, measures of association (including
the direction of the association) or agreement are more informative. We
return to this topic later in this chapter.

Now let us consider Display C and the case of the response to an item
by two populations: students who have been instructed and students who
have not been instructed. When the item is relevant to the instruction,
we clearly expect P,,/P,_to be greater than Py /P, , and so we expect to
reject the hypothesis of independence. In this situation, like the earlier
one, the outcome of the ¥? test primarily reflects the power of the test.
Also, rejecting the hypothesis of independence in itself does not answer
the critical questions of the direction of the association and of the
strength of the association, These comments about the x* test merely set
the stage for further discussion of the study of item sensitivity to instruc-
tion later.

The McNemar Test of Significance. A second (approximate) signifi-
cance test is given by the McNemar test, which tests the hypothesis that
the population proportions corresponding to (a + b)/n and (a + ¢)/n
or (c+d)/n and (b + d)/n are equal. This is a test of correlated
proportions, where each sample proportion involves some of the same
observations; thus, the two samples are not independent. The un-
corrected McNemar statistic is calculated as (b — ¢)*/(b + ¢) and re-
ferred to the chi square table with one degree of freedom.

There also is an exact test which employs the binomial distribution;
Hays (1973, p. 741) shows how this can be developed. In terms of
parameters, the hypothesis may be stated as

H,: PA1=P1v H,: P,D=Pﬂ.
or
H1: P_1¢P1_ H‘I: P,0¢P0.

When H, is true, the probability of a given sample with cell frequencies
b and ¢ is (%=)(.3)***. To carry out the exact test, Hays lets g equal the
smaller of the two frequencies, b or ¢, and then takes the sum of
probabilities 2 5. (43)(.5)**. For a two-tailed test, the null hypothesis
may be rejected if this number is less than or equal to the value chosen
for o. Hays states that, when n is relatively large, the exact probability
may be approximated by use of a corrected chi square with one degree
of freedom where
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(b -l -1
b+e )

2

In Chapter 4, we examine some power characteristics of the uncorrected
test statistic.

For Display A or Display B, the McNemar test is a test of the
hypothesis of identical population item difficulties. It may be regarded as
a test of exact symmetry; later, we consider a test of relative symmetry.
Consider Display A (Parameters). The hypothesis being tested by the
McNemar test does not duplicate the test of independence; instead, itis a
test of the exact symmetry of the marginals for the two items. This can
be an informative test, for example, in a situation in which one expects
two different items (but possibly items from the same item domain) to
have been learned equally well during instruction; a significant outcome
would indicate that this expectation had not been borne out. If, in
contrast, the expectation is that the item difficulties are different, then
this test is inappropriate,

Display B (Parameters) refers to a different type of situation—that of
the same item being administered twice. We can identify two cases that
fit this situation; in one of these the McNemar test would be meaning-
ful and in the other it would not. In a study of stability, as described
above, one of the expectations is that the difficulty of the item remains
the same over the two administrations that are closely reiated in time,
That is, in a sense, a first level expectation, since if this expectation is
false we clearly do not have stability, but if it is true we still have an
additional expectation about agreement or association to consider and
possibly test. We can use the McNemar test to check this first level
expectation, but we must consider the power of the test in interpreting
the resuits. See Chapter 4 for a suggested procedure of this kind. A
second case is that of administering the item before and after instruction;
here the expectation is that instruction will alter the difficulty (“easi-
ness”’} of the item, and consequently H,: P, = P, is expected to be
false. In this situation, use of the McNemar test is inappropriate or, at
best uninformative,

We conclude this section by pointing out that the McNemar test seems
useless for Displays C, D, or E.

A Test of Relative Symmetry. We now wish to examine Displays D and
E which were constructed from Display A and Display B by relabeling the
column categories as Same and Different and rearranging the frequencies
(or proportions) in the second row. A dual exists when we focus on rows
rather than columns. A test of relative symmetry would test the hypothe-
sis that the population proportion of consistent responses is the same for
persons in the two row categories. The hypothesis may be stated:
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Ho: Py, - Py
Py Py
P P

H.: n_ , Lo
P P

For Display D, when H, is true, the conditional probability of answering
the two items the same way is the same for those who answered Item A
correctly and for those who answered it incorrectly. For Display E, H,
true means that the conditional probability of answering the item the
same way twice is the same for those who were correct and those who
were incorrect on the first administration of the item. For Display E,
when systematic instruction has intervened between the two administra-
tions (a pre- and post-test study), the conditional probability of respond-
ing correctly on the second administration given an incorrect response on
the first administration is Py./P, . Analogously, the conditional probabil-
ity of responding incorrectly on the second administration given a correct
response on the first administration is P.,/P, . The difference between
these two conditional probabilities might be taken as an index or measure
of the amount of learning. Relative symmetry implies that this index
[Pos/Ps. — Pio/P, ] is zero, (This is true because the hypothesis of relative
symmetry may be expressed either as P, /P, = Pw/Py ot P./Pi.
= P,,/P, .) Bishop et al (1975, section 7.1.2) discuss relative symmetry
under the heading ‘‘Models for measuring change.”

A test of relative symmetry would be made by computing the (un-
corrected) sample statistic

nlac — bdy
{a +b)c+da+dib+c)

and referring it to the x* table with one degree of freedom. Note that
both the numerator and the denominator differ from those of the
conventional ¥? test discussed in an earlier section. Rejecting the hypoth-
esis of relative symmetry implies that the index [Pu/Po. — Pso/P; ] is
nonzero; the index may, of course, be either positive or negative. Later,
we propose the use of this index in “before and after” studies of item
sensitivity and comment on its interpretation.

Some Conventional Indices of Item Agreement and/or Association. A
major point we have made in the discussion of significance tests that
might be applied to the various displays that we have considered is that,
although the test of the formal hypothesis may be informative in a given
situation, we often need in addition some measure of agreement and/or
association which describes direction and strength. In other words, a
conclusion of lack of independence, of lack of relative symmetry, or the
like, which the test yields is not sufficient for certain purposes. In this
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section, we describe several generally well-known indices of this type for
two-by-two tables.

We list below fifteen selected indices; all of them are expressed in
terms of cbserved (sample) frequencies. The first is not a measure of
association or agreement, but focuses instead on the marginals of the two
items or administrations. It is the index of departure from equal sample
difficulties in a display like Display A or Display B and is simply
(c — b)/n. When we are interested in the relative difficulties, generally
we would first run the McNemar test to determine whether or not the ob-
served difference {(c — b)/n should be regarded as evidence of different
difficulties in the population. If the test is not significant for some
acceptable level of power, then (¢ — b)/n should be regarded as merely
a random departure from zero. The next five are measures of agree-
ment or conditional agreement, the next six are measures of associ-
ation in one sense or another, and the last three are nonsymmetric
measures which arise when one deliberately focuses on columns in
relation to rows or rows in relation to columns.

1. Index of departure from equal difficuities:
a+tc atb c—b

n n n

2. Proportion of agreement:

a+d

n

3. Ratio of observed proportion of agreement to the maximum
proportion of agreement:

a+d a+d
or
a+d+2b a+d+ 2

Larger of

4. Kappa: This is a *corrected for chance” proportion of agreement.
See Cohen, (1960).

2ad — bd)
(@+b)b+dy+(a+c)ectd

5. Scott’s coefficient: This also is a corrected proportion of agreement
using an expected value that differs from the one used in Kappa.
See Scott, (1955).

2ad — 'a(b + c)*
2ad + Yalb +¢) +{(a +dXb + ¢)




28 ACHIEVEMENT TEST ITEMS—METHODS OF STUDY

6.

10.

11.

12.

Ratio of observed covariance to maximum covariance: This also is
the ratio of Phi to Phi Max or of Kappa to Kappa Max. See
Horst, (1966), pp. 238-239; Berry et al, (1974).

ad — bc ad = be
@+bb+d | (a+oetd

Larger of

These two terms are two measures of conditional agreement
described by Bishop et a/, (1975), pp. 397-398. Note that Kappa
is given by the ratio of the sum of the numerators to the sum of
the denominators.

Phi:

ad — be X

Via + b)c + d)a + e)b + d) n

. Proportion of explained variance: See Bishop et al, (1975),

pp. 389-390, Goodman and Kruskal, (1954), pp. 759-760. For a
two-by-two table this is the same as Phi squared, i.e.,

(ad — bc)?
(@ + b)c +d)a +c)b + d)

. Symmetric Lamda: See Goodman and Kruskal, (1954), pp. 742-

745 and 757-758. The formula depends upon the relative values
of a, b, ¢, and d. As a special case, whena > b<d,a>c¢ <d,
and g > d, we have Symmetric Lamda =

2d—-b—c
2d+b+c

This is the same as their measure of reliability in the unordered
case, pp. 757-758.

Odds ratio: See Fleiss, (1973), pp. 43-49; Mantel and Hankey,
(1975). A dual exists for the odds, but not for the odds ratio.

ad
be

Yule's Q: See Fleiss, (1973) p. 45. This is a function of the odds
ratio. It also is Gamma (Goodman and Kruskal, 1954, p. 750)
for the case of a two-by-two table.

ad - be
ad + be

Squared Tryon Coefficient of Domain Validity: See Kaiser and
Michael, (19753).
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dad — bc)
(@a+d)b +c)+ dad

13. Peirce’s Theta: See Goodman and Kruskal, (1959), pp. 129-130,
This is the difference between sample values for two conditional
probabilities. A dual exists, since Theta is not a symmetric
measure.

a b ad — bc

ate b+d (a+cXb+d)

a c ad — be

ath c+d= (@a+ blc+d)

14. Lamda: See Goodman and Kruskal, (1954), pp. 740-742. The
formula depends upon the relative values of a, b, ¢, and d, and on
whether the prediction is for columns or for rows; thus a dual
exists. Twelve different formulas exist; for four of these, Lamda
has a value of zero. One formula is:

a—b

a+tec

15, Index of departure from relative symmetry: This is the difference
between sample values for two conditional probabilities, but is
not identical with Peirce’s Theta. Again, a dual exists. See Bishop
et al, (1975), Chapter 7.

a d _ ¢ b _ ac — bd
a+ b c+d c+d a+ b (a+ blc+d)
a d c b ab —cod

atc b+d a+c b+d (atob+d

Certain relations among these indices are made evident by expressing
each one in terms of the sample values of the two-by-two table. For
example, seven of them (numbers 4, 6, 7, 8, 11, 12, 13) have as a
numerator the quantity (ad — be) which is the determinant of the matrix
of observations given in Displays A through C; this determinant is
zero (and thus the index is zero) whenever independence holds for the
matrix. This notation raises the question of how different from each
other these seven indices which are functions of this determinant actually
are. Apparently, they differ primarily in a scaling factor which deter-
mines the largest and the smallest possible value for the index. The
numerators of the dual values for the Index of Departure from Relative
Symmetry, No. 15, also are determinants, but of rearranged matrices;
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one of these appears in Display D (Observations) and Display E (Ob-
servations).

Another well-known function of a matrix like that of Display A
(Observations) is the trace, or sum of the diagonal elements; this is
(a + d) which appears as the numerator in two of the indices. One is the
proportion of agreement, No. 2, and the other is this same proportion
divided by the maximum proportion of agreement which the marginals
permit, No. 3. This same principle of adjusting the observed index in
terms of the marginals appears in the Ratio of Observed Covariance 10
Maximum Covariance, No. 6. Perhaps the most interesting feature of
this ratio is that it is the adjusted value of both Kappa, No. 4, and Phi,
No. 7, thus, giving a link between a measure of agreement (Kappa) and
a measure of association (Phi). Phi is a chi-square-like index which is
isomorphic with the Pearson coefficient of correlation for two binary
variables; as such it is a measure of association in a non-directional
sense. Note that Phi-squared also appears as an index.

It is rather important to distinguish agreement from association. In
particular, for a three-by-three table, with categories for both dimen-
sions similarly ordered, agreement would generally be regarded as a
function of the frequencies in the diagonal cells. A marked degree of
association could exist in such a table even though these diagonal cells
were empty. As another example, in a two-by-two table we have a high
degree of association but no agreement when all the frequencies fali in
the off-diagonal cells. If we are interested in a measure of agreement
for the two-by-two table, we may choose among the proportion of agree-
ment or this proportion divided by its maximum, 2 corrected for chance
measure of agreement using either Kappa or Scott’s coefficient, or two
measures of conditional agreement. We have already mentioned that
Kappa divided by maximum Kappa, for a two-by-two table, is identical
to Phi/Phi Max. '

Yule's Q, which is equivalent to the Goodman and Kruskal Gamma
for two-by-two tables, is a function of certain conditional probabilities.
For Display B (Parameters) the probability of being correct on the
second administration, given a correct response on the first, is Pi. /Py,
and the probability of being incorrect on the second administration,
given a correct response on the first, is Pi/Py. . The ratio of these two
values is P, /P, and is called the odds for a correct response on the
second administration when the item is answered correctly on the first
administration. An analogous term Ps,/Py is the odds for a correct
response on the second administration when the item is answered
incorrectly on the first administration. The odds ratio then is given by
Py Poo/Pyo P and is estimated by ad/be. The odds ratio is a symmetriczl
index, but the odds are directional. Yule’s Q is simply the difference
between the two odds divided by their sum and is
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Pn/Pm _Po1/Pnu _ PHPoo —PIHP(IJ
Py /Py + Py /Py Py Py +P01P1o‘

The sample analog is (ad — be)/(ad + be).

The squared Tryon coefficient of domain validity, like several other
indices, is a function of (ad — bc) or the determinant of the entries in
Display A (Observations). It is equivalent to KR-20 and Cronbach’s
Alpha for the special case of two binary items, and thus can be considered
as an index (strictly, a lower bound} of “reliability.” It is simply the
squared Pearson product-moment correlation between a variable defined
as the sum of scores on the two items and a variable defined as the
sum of scores on all items in the domain (including those two). This
latter is a hypothetical variable; the assumptions needed to derive the
formuta under these conditions are discussed by Kaiser and Michael
(1975). Because the squared Tryon index is a measure of relation
between two items and the complete domain of items, it seems of
little use as a measure either of agreement or association for only the
two items themselves.

The non-symmetric indices are appropriate when prediction {(or con-
ditional probability) is directional. For example, Peirce's Theta is a
function of a prediction model (e.g., predicting response on the second
administration from the response on the first) which assumes that the
observed frequencies arise from a mixture of perfect prediction and the
operation of an extraneous chance device that predicts I with a specified
probability and predicts 0 with the complement of that probability. The
two values of Theta correspond to the two directions of prediction (e.g.,
celumns from rows or rows from columns); both have the same num-
erator. Two weights, which sum to unity, are assumed to determine this
mixture of perfect prediction and chance. Theta is the mixture weight
for the perfect prediction component, and it also is a difference between
sample values of two conditional probabilities. Theta is a measure of
association in the sense of prediction success.

Lambda and Symmetric Lambda are measures of predictive associa-
tion. Lambda is a directional measure which gives the propertional
reduction in the probability of error in predicting the column (row)
category, knowing the row (column) category. Symmetric Lambda is a
function of the numerators and denominators of the two directional
indices for the given sample frequencies; it gives the proportional
reduction in the probability of error in predicting either category,
knowing the other. Symmetric Lambda always takes a value between
the values of the two directional Lambdas.

We commented above on one of the two indices of departure from
relative symmetry, pointing out that it may be interpreted as a measure
of “learning” or *‘forgetting” for the study of performance on the same
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item before and after instruction (Display E). The index to use is

ac — bd
(@a+ bXc+d)’

For this Display, relative symmetry implies that “learning’” and “forget-
ting” offset each other; when

ac — bd
{a + b)Yc + d)

is positive, there has been more *“learning” than *‘forgetting.” For a
study of two different items there are two different measures of depar-
ture from relative symmetry that indicate slightly different relationships.
The expression

ac — bd
(a+b)c+d

is conditional on the responses to Item A, and

ab — cd
{a +c)b+d)

is conditional on the responses to Item B. We observe that these two
indices are equal when & = c, i.e., when we have exact symmetry (equal
difficulties) in the sample; they are equal in magnitude but opposite in
sigh whena =d. (If both b =¢ and a = d, both indices are zero.) Since
the two indices may be opposite in sign, averaging them to secure a
composite index for the two items seems inadvisable.

" We now wish to examine these fifteen indices from two points of
view. First, we shall ask whether or not the index is independent of or
adjusted in some fashion for the level of difficuity. Second, we shall
consider the index as an estimator and in particular identify those that
are, or can be modified to be, unbiased estimators.

Let us consider a situation in which the observed frequencies, instead
of being a, b, c, and d are systematic multiples of these numbers such
as awy, bwz, cxy and dxz; in other words, the entries in each of the
original rows and columns have been multiplied by a (different) con-
stant. From one point of view, the table of frequencies

awy bwz
cxy dxz
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exhibits the same degree or amount of association as does the original
set of frequencies

a ]

c d
but is characterized by altered marginals. Indices that take the same
value for these two tables are independent of this multiplicative altera-
tion of the marginals, and are, in this sense, independent of item
difficulties. It can readily be shown that none of the five measures of
agreement have this independence, and that of the six symmetric
measures of association, only the Odds Ratio and Yule's Q have it. In
contrast, if we alter the marginals by multiplying only the rows (or only
the columns) by different constants, one of the values of Theta and one
of the indices of Departure from Relative Symmetry are unaffected.

A different approach is to adjust the index in some fashion in relation
to marginals, or item difficulties. Four types of adjustment are repre-
sented in our collection of indices. Measures may be simple functions of
conditional probabilities, i.e., the index may be a sum or difference of
cell values that are conditional on marginal values, as are (13) and (15).
Note that both of these are directional and exist as duals, depending
on whether the row or the column marginals are adjusted for. Also
note that the conditional probabilities involved in the difference are
independent of each other. Measures may also be functions of ratios
of conditional probabilities; for example, the Odds is a ratio of two
conditional probabilities and the Odds Ratic (10) a ratio of two
different ratios of conditional probabilities. Also, Yule’'s Q (11) is a
function of the Odds Ratio and consequently of a ratio of two different
ratios of conditional probabilities. Second, measures may be adjusted by
relating the measure to the maximum value permitted by the marginals.
This type of adjustment is represented by (3}, which is the adjusted
proportion of agreement, and by (6) which is both Phi/Phi Max and
Kappa/Kappa Max. Third, an adjustment may be made by subtracting
an expected value; Kappa (4) for example, is a normed difference
between the observed proportion of agreement and the expected propor-
tion of agreement given that the two classification procedures are
independent and can differ in their population marginal proportions.
Scott’s coefficient (5) is similar, but computes the expected proportion
of agreement on the assumption that the independent classification
procedures do not differ from each other in their population marginal
proportions. For both these, the norming divisor is 1 minus the expected
proportion of agreement. Fourth, in Lambda (14) and in Symmetric
Lambda (9) marginals play a role analogous to the expected values in
(5), (6), with the marginals (proportions, not frequencies) defining the
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extent of prediction given no information about the result of the other
classification. The two Lambda measures are oriented toward pre-
diction, rather than measuring agreement, and are measures of associa-
tion in this sense. We merely point out that indices (1), (2), (7), (8),
and (12) have no correction or adjustment for the marginals.

We now consider each of the indices as an estimator and ask whether
or not it yields an unbiased estimate of the analogous population
parameter. Certain generalizations about expected values are useful
here. For example, a sample propottion is known to be an unbiased
estimator of the population proportion, and the expected value of a sum
(or difference) of random variables is known to equal the sum (or
difference) of the expected values of the randem variables; this indicates
that an index like (1) or (2} is an unbiased estimator. To illustrate, we
give in Table 2 a population of eight paired responses and then for
several biased estimators give numerical values for the mean of the
sampling distribution (based on samples of size 7 without replacement)
of the index, compared with the population value of the index. Note

Table 2: A Sampling Experiment with a Finite Population

Responses: Item A Item B
1 1
1 1
1 1
1 0
| 0
0 0
0 0
0 1
Index Mean Value for Population
Samples of Size 7 Parameter
Larger of:
a+d
at+d+2b
or 3 .7143 7201
a+d
at+d+ 2
Kappa (4} 2244 .2500
Phi/Phi Max (6} 3958 3333
Yule’s Q (11) 4786 5000

Squared Tryon Coefficient (12) 3781 4103
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that Kappa is a biased estimator (in the non-null case), even though
the expected value of Kappa is 0 when independence holds; Phi, of
course, is well-known to be a biased estimator in the non-null case, as
is any Pearson product-moment correlation coefficient. Also note that
“correcting” Phi (or Kappa) in relation to its maximum value does not
remove the bias,

For the Qdds Ratio, the expected value of the sample ratio for
samples of a fixed size is not necessarily equal to the parameter. (It
also is true that the sample ratio will be indeterminate when b or
¢ = 0; this occurts once in our sampling experiment.) However, Mantel
and Hankey (1975) show that E(ad)/E(bc) and E(a)E(d)/E(b)E(c) both
equal the parameter for the case of n fixed and for the case of fixed
marginals for either {but not both) rows or columns. A similar general-
ization holds for Yule's Q; i.e.,

E(ad) — E(bc)
E(ad) + E(be)

will equal the parameter, but the expected value of (ad — be)/(ad + bc)
will not; we give these two numerical values for our sampling experi-
ment in Table 2. Apparently we can secure an unbiased estimate of the
population Q by splitting a sample of paired observations into two
random samples (of equal or approximately equal size} and then averag-
ing the ad and bc sample values. These averaged values would then be
used to estimate the population Q. This "‘unbiasing” procedure is useful
here when we deal with products; splitting samples and using the
averaging values for estimation is unnecessary when the sample index
itself is unbiased. Like many ratios, the squared Tryon Coefficient is
biased.

We now wish to bring together the displays, the significance tests,
and the indices we have discussed and use them to describe studies of
item equivalence, item stability, and item sensitivity to instruction.

Item Equivalence Studies. Display A (Observations) and its modifica-
tion Display D (Observations) describe arrangements appropriate for the
study of responses to two different items by the same sample of
students. If the items are drawn from the same item domain, the expec-
tation would be that the items tend to measure “‘the same thing” and
thus, that the hypothesis of independence is false. If so, the conven-
tional y* test of independence could confirm this; however, the test does
not yield information that would be given by a measure of agreement or
association, Different items may differ in difficulty whether they are or
are not characterized by marked agreement or association. If equal
difficulty is regarded as all or a critical part of equivalence, then the
McNemar test is required. However, if equivalence is viewed primarily
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as agreement or association, independent of difficulty, then the McNe-
mar test is of minimal use. There are two tests of relative symmetry
for the data of Display A; one is conditional on the responses to Item A
and the other is conditional on the responses to Item B. It is rather
attractive to regard relative symmetry as a type of equivalence for two
items, since relative symmetry holds whenever the conditional probabil-
ity of answering the two items the same way is the same for those
responding correctly and those responding incorrectly to one of the
items, However, these two tests can be inconsistent, just as the two
measures of departure from relative symmetry can be opposite in sign,
and so we would not recommend their use in this situation. Later, we
will show that the logically correct test can be informative in a different
type of study—that of sensitivity to instruction.

We now turn to indices of agreement and/or association. If items are
drawn from the same item domain, we may regard the items as
characterized by conceptual homogeneity (See Harris, 1974, p. 100-
103). The question of their response homogeneity may also be of
interest; in particular, we may wish to estimate a response homogeneity
parameter for the domain as a2 whole as a descriptor of the domain’s
functioning at a specified point in the instructional process. Such a
description or characterization could provide useful information about
the teaching-testing complex. For example, response homogeneity for
the domain might be estimated to be low early in the instruction and
high later in the instruction; this evidence would be consistent with an
expectation of consolidation or integration of the tasks that are taken
as the evidence of achievement. If, however, the estimate remains at a
low level throughout the instruction, then we have evidence that the
instruction does not have this effect, As a second example, two some-
what different instructional programs, when both are designed to a-
chieve the same objectives, might be associated with noticeably different
estimates of response homogeneity for the same item domain; this
evidence could be useful in characterizing the two instructional pro-
cedures. As a third example, two different item formats might reason-
ably be regarded as approptiate in generating an item domain for an
instructional program; estimates of response homogeneity for the two
types of domain would provide important data about the equivalence
(or lack of equivalence} of the two formats.

The problem we face is essentially this: For the various pairs of items
in the population of items we can conceptualize a symmetric matrix,
with the off-diagonal elements of this matrix containing the values of the
index for the various item pairs. (What is called multiple matrix
sampling can be employed; this procedure does not necessarily use the
same sample of individuals to estimate the index value for any two item
pairs.) Given satisfactory estimates of each index value, the problem is
then one of deriving a secondary index that characterizes all these
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values, probably estimating it by employing only a random sample of
the item pairs. It seems natural to consider an average of these indices
of item pairs as the simplest secondary index, and we shall proceed on
this assumption. Further work on this problem of a secondary index
seems necessary; we hope to address it some time in the future.

Among the measures of agreement, the proportion of agreement,
index (2), is an estimate of a parameter that when averaged over all
item pairs yields a readily interpretable secondary index. The fact that
index (2), for a single item pair, is an unbiased estimator also recom-
mends it. The fact that the index is not independent of the item
difficulties may argue against its use, but this argument can be
countered in the following way.

In any study of equivalence of a set of item pairs, with this set a
proper sample of the item pairs making up the domain, the administra-
tion is likely to occur at a particular point in the instructional process.
To a considerable extent, the choice of this point in time determines
the difficulty of the items studied; thus, early in the instruction it is
likely that many of the items are (relatively) difficult. (This should not
be taken to imply that the several items are equal in difficulty, though
if they are, the statement still holds.) Insofar as the difficulty of the
members of an item pair imposes a limit on the percent of agreement,
one may expect a smaller percent of agreement for a pair early in the
instruction than later; if so, a secondary index taken as an average
proportion of agreement would be specific to the point in the instruc-
tional process when the study was made. This is not undesirable,
however, since the study also yields unbiased difficulty estimates that
can be reported and interpreted along with the proportion of agreement.
Thus, we could find the average proportion of agreement low and
average difficulty high early in the instruction and average proportion
of agreement high and average difficulty low later; this would be
evidence of a particular pattern of learning., If we use the adjusted
proportion of agreement, these same data might indicate relatively liitle
change in the proportion of agreement in relation to its maximum;
further, this adjusted proportion of agreement is not an unbiased
estimator, This line of reasoning leads us to regard the “‘raw” propor-
tion of agreement, index (2), as a useful measure of equivalence. We
would prefer it to Kappa or Scott’s Coefficient on similar grounds.

Of the measures of association, Yule’s Q, No. 11, probably is the
most useful. We prefer it to the Odds Ratio on the grounds that the
sample (dds Ratio is indeterminate whenever » or ¢ is zero. We
interpret Yule's Q as the Goodman-Kruskal Gamma, which it equals in
the two-by-two case. They say that Gamma is

The difference between the conditional probabilities of like and unlike

orders . . . when two individuals are chesen at random from the popu-
lation. (Goodman and Kruskal, 1954, p. 749.)



38 ACHIEVEMENT TEST ITEMS—METHODS OF STUDY

As such, Gamma tells us how much more probable it is to get like than
unlike orders in the two classifications (items). It seems meaningful to
average this difference in conditional probabilities over item pairs to
secure a secondary index for the item domain. We commented above on
the possibility of securing unbiased estimates by splitting the sample.
Phi or functions of Phi, like (6} and (8) or the correlation coefficient of
(12), probably should not be averaged in this type of situation. Note
that one might take the median of the observed product-moment cor-
relation between two specified variables for several samples of indi-
viduals as an estimate of the correlation for the population. This in no
way implies that correlations between different pairs of variables, either
based on the same sample ot on different samples, yield a distribution
for which a measure of central tendency has a meaningful interpreta-
tion. Symmetric Lambda gives the proportionate reduction in the error
of prediction when we know either classification (item result), as com-
pared with knowing only the marginals. As such it is adjusted for the
marginals; however, it is not an unbiased estimator. In addition, averag-
ing values of Symmetric Lambda for item pairs may be difficuit to
defend, just as averaging product-moment correlations for different
pairs of variables is difficult to defend, especially in the absence of
rather strong structural assumptions about the items. For these reasons,
we would not recommend the use of Symmetric Lambda over Yule's Q.

These comments indicated a case that can be made for the proportion
of agreement and for Yule's Q as measures of equivalence of items; we
emphasize, however, that one is a measure of agreement and the other
a measure of association and as such represent different aspects of
equivalence (which is a term of many meanings). A choice between these
two aspects still must be made if one is to use only a single secondary
index to characterize the item domain; possibly the best strategy (since
it would add little cost) would be to develop both indices and report
them, There is a third type of index that differs somewhat from agree-
ment or association as represented by the indices we have discussed
here. This third type rests on a latent structure conception and provides
estimates of the probability of an inappropriate response (answering
correctly when he does not know and answering incorrectly when he
does) for each item. This third type of index and its estimation is
described in considerable detail in Chapter S.

Item Stability Studies. Display B (Observations) and Display E (Ob-
servations) describe arrangements appropriate for the study of responses
to the same item on two occasions closely related in time during which
essentially no learning is assumed to take place. In this situation, the
hypothesis of independence of the responses to the same item on two
occasions is unlikely to be true, and so running the conventional y* test
usually would be an academic exercise.
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In an item stability study, we would expect that the item difficulty
parameters would be identical on the two occasions; this is the assump-
tion of essentially no learning during the interval between administra-
tions. It also is the hypothesis of exact symmetry. The McNemar test is
designed to test this hypothesis and thus, might be used here to identify
items for which item difficulty is altered over the two administrations.
(See our earlier discussion of the McNemar test.) If item difficulty is
altered, an explanation should be sought. For example, this might result
from the use of an unfamiliar item type of format (without adequate
pre-test instruction) which might depress scores artificially on the first
administration. Another example might be the occurrence of a fortui-
tous event during the interval that gives the student a new view or
understanding of the content of the item. We suggest that when the
hypothesis of exact symmetry is rejected for a reasonable sample size,
no further analyses of these data be made. Instead, an attempt should
be made to develop a plausible explanation of this result in terms of
item-type characteristics or requirements and/or instructional pro-
cedures. Such an explanation should lead to a modification of the item
generation principles employed and/or of the instructional program.
The same or the modified item can then be studied anew later; the
result of such a study should support or discredit the explanation that
was developed. We recognize that it is possible that idiosyncratic items
which shift in difficulty for no discernable reason may exist; however,
deciding that an item is of this type should be a conclusion of last
resort.

For a measure of agreement in an item stability study, we would
recommend the sample proportion of agreement, index (2), for the same
reasons we recommended it for equivalence studies. It is an unbiased
estimator, it may be averaged meaningfully over items, and the item
difficulty level—though limiting the value of the index—can be esti-
mated and reported separately to provide a notion of the relation of the
proportion of agreement to its maximum. For a measure of association,
we also recommend Yule's Q, with the interpretation of Gamma given
above, for the reasons we discussed in the previous section. Again, both
indices might be employed in any study. There also is a third type of
index, developed in terms of latent structure, that provides an estimate
of the probability of an inappropriate response. This third type is dis-
cussed extensively in Chapter 4.

Studies of Sensitivity to Instruction. Two points will help describe the
position we take with respect to studies of sensitivity to instruction.
First, we believe that it is reasonable to expect that student responses
to the item universe that is developed in connection with an instructional
program will be altered as a function of the instruction. Second, we
believe that a characterization of the item universe (or a sub-universe
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of interest) with respect to sensitivity to instruction is an important
datum for describing and possibly modifying the total teaching-testing
process. We imply that this desired characterization of the item universe
may be estimated by studying only a sample of items and then develop-
ing from the data for these items an appropriate index. We do not
imply, however, that items which lack sensitivity to instruction are to be
discarded; in other words, we do not propose that sensitivity to instruec-
tion become an item selection technique. This is consistent with our
desire to find ways to study the teaching-testing complex that will result
in an improvement of the total complex itself.

The expectation that student responses to the item universe will be
altered as a function of the teaching can be tested empirically. There are
two rather obvious designs we might employ. The first is a prepost
design. The second is a comparative prospective study. In the prepost
design, the item is given to a sample of students before they have
received the relevant instruction and again following instruction. The
relevant displays are Display B and Display E, with the understanding
that the two administrations are separated by instruction, which may
occupy considerable time and thus separate the two administrations by a
substantial period of time. For the prepost design, we select a sample of
n students who have not yet been instructed with the particular pro-
gram, but these should be students for whom the program is appro-
priate. The item is then administered before and after instruction. In
this design, n, the sample size, is at our choice, but the marginals
are determined by the results of the experiment, with (a + b)/r estimat-
ing the difficulty (‘‘easiness”) of the item prior to instruction and
{a + c)/n the difficulty following instruction. If the instruction has
moved the students in the direction of competence with respect to this
item, then we expect that (a + c¢) will be greater than (g + b). The
McNemar test is designed to test the hypothesis of equal pre and post
difficulties in the population in this type of experiment, and may be
used here; generally, we would expect to reject this hypothesis. However,
note that the probability value that one secures from the test is not a
metric that describes the degree of change; an additional statistic is
needed.

We merely state that neither the conventional chi-square test of inde-
pendence nor the related phi coefficient supplies such a statistic. Two
observations are relevant. Both the chi-square test and the phi coef-
ficient are symmetric functions and thus ignore the fact that responses
prior to instruction are necessarily antecedent, and those following the
introduction of the manipulated experimental variable that is labeled
“instruction’’ are necessarily subsequent. ‘‘Before” and ‘“after” cannot
be ignored in this design. Second, insofar as chi-square and phi are
satisfactory measures of association, they are inappropriate here because
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we wish to measure a change in response rather than a stability of
response (lack of independence} which would seem to be the obvious
interpretation for a large value of chi-square or phi. We also merely
mention that neither the observed proportion of agreements, given by
{a + d)/n, nor a “corrected” proportion of agreements such as that
given by Kappa is informative here; agreement can be distinguished
from association, but neither provides the measure we seek.

The simplest measure of “learning” and *“forgetting” would be
(c — b)/n, which is the difference between the sample proportion who
learn and the sample proportion who forget. This is the Index of De-
parture from Equal Difficulties, or (1) in our list. We may “‘condition-
alize” a measure like this in the following fashion. The observed
probability of responding correctly, given that the student responded
incorrectly prior to instruction, is given by ¢/(¢ + d}, which is a binomial
variable that estimates the population value of the conditional probabil-
ity of changing the response in the desired direction. A second sample
value is b/(a + b) which estimates for the population the probability of
responding incorrectly following instruction, given that the student re-
sponded correctly prior to the instruction; this is the “negative’” measure
describing the probability of changing the response in the “wrong”
direction. Both these sample values are unbiased and maximum likeli-
hood estimates of the population parameters. These two sample values
may be combined into a single index, thus: c¢/(c + d} — b/(a + b),
which is the same as

ac — bd
(c+da+5)

We observe that this is simply the logically correct Index of Departure

from Relative Symmetry, No. 15, for this situation. We might, if we
- wished, first run the y* test on Display E (Observations) in order to test

the hypothesis of relative symmetry; this is the hypothesis that “learn-

ing” and ‘“‘forgetting” offset each other. Generally, we would expect this

hypothesis to be false, and thus, a significant test resuit would not be

unexpected; given such a result, we would then regard the observed

value of

ac — bd
(@a + b)c+d)
as a nonrandom departure from zero. The observed value of
ac — bd
(@ + b)c + d)

estimates the difference in conditional probabilities (P, /Py — P,,/P, )
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for the population; these conditional probabilities are independent of
how easy or how difficult the item was at the time of the pre-test. We
now propose an additional step, that of averaging such estimates over a
random sample of items to secure a secondary index that describes
the functioning of the item domain in this instructional program. This
average over items should be an estimate of the average of the population
values.

One might also treat the data of the “‘before and after’” study in the
manner described by Marks and Noll (1967). Their model assumes that
when there is no “error’” in responding, the responses to the item before
and after instruction form a Guttman scale with only three response
patterns appearing. This is equivalent to their assumption that the
student does not “unlearn” the response. Marks and Noll show how the
number of persons fitting each of the three admissable patterns can be
estimated from the data. We could then use these *‘corrected” frequen-
cies as a basis for estimating the conditional probability of changing the
response in the “right” direction. (The other conditional probability is
zero for this model.) With regard to the observed values, this “cor-
rected”’ conditional probability estimate is (¢ — b)/(c + d). One problem
with the Marks and Noll model is, as they show, that it is possible to
secure actual item data for which “corrected” frequencies turn out to be
negative and thus, are inadmissible.

A second design for the study of sensitivity to instruction selects a
sample of students who have received the instruction and a sample who
have not. The item is then administered to the two groups and the data
summarized as in Display C. This is a prospective study, in Fleiss’s
terms (1973, pp. 15-19), and differs from the first design which he calls
a cross-sectional study. An important caution is that the instructed and
uninstructed samples should be drawn from populations that are alike
in all possible respects except for the presence or absence of the instruc-
tional experience. In practice, this may be very difficult to accomplish,
For example, if the instructed group were drawn from tenth grade
students who were completing a yeat's work in algebra and the unin-
structed group drawn from students beginning tenth grade, we would
have an obvious systematic difference in age or maturity in the popula-
tions which might influence the findings. As another example, if the
same instructed group were compared with students drawn from those
completing the tenth grade who had not taken algebra, we could have
systematic differences in preferences for school subjects and possibly
in academic ability between the two populations. Again, these syste-
matic differences might infiuence the outcome of the study and obscure
the relation between presence or absence of instruction and item per-
formance. In our view, these sampling problems make the pre and post
design a preferred one.
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In the prospective design, the marginal frequencies for the two
samples (g + b and ¢ + d) are at our choice and this makes it desirable
to select a test and/or an estimator that is not sensitive to these
particular marginal values. However, the marginals for the item (@ + ¢
and b + d) are functions of the overall effectiveness of the instruction,
the difficulty of the item, etc., and we usually would not want to
adjust for them. The Proportion of Agreement, (¢ + d)/n is a “*natural”
index of the extent to which instruction is effective and non-instruction
is not effective in teaching the proper response to the item. We can
adjust this index for the sampie sizes of the two groups {Instructed and
Not Instructed) by using the sum of two conditional probabilities,

a d ac + 2ad + bd

+ = »
a+bhb c+d (@ + bYc +d)

as the correcied proportion. Note that we do not adjust for the maxi-
mum proportion of agreement, as in Index (3), since the maximum is a
function of both marginals. Also note that we here use a sum of these
two conditional probabilities; their difference, which is an index of
Departure from Relative Symmetry, No. 15, is not informative in this
design. We also might use

a c ad — be

a+b c+d  (@+bMc+d)

or Peirce’'s Theta, as an index; in this situation it describes the dif-
ference in the conditional probability of getting the item right for those
who were instructed and those who were not instructed. As such, a large
value of Theta indicates effective instruction. For this design, we might
also use the odds ratio or Yule's Q which is a function of the odds
ratio. For example, a/b gives the odds of getting the item right for the
Instructed sample, and ¢/d the odds for the Not Instructed sample. The
ratio of these two odds is ad/bc. A large value indicates greater odds
of getiing the item right for the Instructed sample. Also note that the
odds ratio (and consequently Yule's Q) is independent of any arbitrary
weighting of the marginals. The odds ratio has the further feature of
being interpretable in terms of a logistic model. In setting up a pros-
pective study of this type, it is a good policy to choose equal size samples
of instructed and noninstructed students; this gives maximum precision
of the estimated odds ratio (Fleiss, 1973, p. 55). We see no strong
arguments for preferring one of these indices; empirical studies probably
are needed.

Fleiss (1973, Chapter 6) also describes a retrospective study design
which, in this instance, would study samples of students who answer the
item correctly and students who answer it incorrectly to determine
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whether they were instructed or not. This type of study is well-known
in biomedical research; Fleiss describes it as the identification of the two
study samples on the basis of the presence or absence of the outcome
factor (e.g., performance on the item), and the estimation for both
samples of the proportions possessing the antecedent factor under study
(e.g., instruction or its absence). Fleiss comments that a greater degree
of ingenuity is needed for the proper design of a retrospective study than
for the design of a prospective study. We would not recommend the
retrospective study as a basis for estimating sensitivity of items to
instruction.



Chapter 4
NEW METHODS FOR STUDYING STABILITY

RAND R. WILCOX

Qur goal in this paper is to describe probability models that may be
useful in stability studies of achievement test items. The first of the
three models we are about to describe has its origin in the work of Paul
F. Lazarsfeld and Pairicia Kendall as described by Goodman and
Kruskal (1959, pp. 149-152). The model described by Lazarsfeld and
Kendall would fit any situation in which people are asked the same
yes-or-no question at two different times. In this setting, it is supposed
that there are really two classes of people in the population of interest,
those who have a tendency to answer “‘yes,” in proportion k, and those
who have a tendency to answer “no,” in proportion (1 — k). It is further
supposed that the answers people give do not always represent their
“true” tendency since they may be temporarily swayed in the other
direction, may misunderstand, etc, Suppose that the ‘‘yes” people
answer “‘no” with probability x, and that the “no” people answer
“ves” with probability y. It is further assumed that both x and y are
less than or equal to ¥2.*¥ If we choose at random a member of the
population, then the probabilities of the four possible outcomes are:

Second Answer

Py = k(1 ~—x¥ Py =k(1 —xx
First + - ky + (1 —kp(l—y)
Answer Py = k(1 — xx Po=kx*+ (1~ k)
+ (1 — kX1 -yl (1 -y¥

For this model, there is no unique solution for x, y and k in terms of
P; (i, j=0, 1), since we have in effect two equations with three
unknowns. A modification consisting of assuming that x = y, gives the
Lazarsfeid-Kendall “turnover” model for which a solution (in terms of
parameters) exists.

We now adapt the solvable Lazarsfeld-Kendall (henceforth, L-K) turn-
over model to a specific achievement test item and a population of
examinees. The following assumptions are made:

1. A total of n examinees is randomly selected from the population of
examinees and each of the selected examinees answers the test
item on two different cceasions which are not widely separated in
time.

*A table of symbols appears at the end of this chapter,
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. The sampling of examinees is from an infinite population or from

a finite population with replacement.

. There are two classes of people in the population of examinees,

namely, those who know the answer to the test item and those
who do not. Furthermore, each of the n examinees selected either
knows the answer on both of the occasions or does not know the
answer on either of the occasions that he is tested. We deal with
this assumption at least partially by proposing that the McNemar
test of exact symmetry be applied to sample data, and the L-K
mode! be employed only if this test is not significant. We also
provide a table of sample sizes for which the power of the
McNemar test is .50 for various alternatives to exact symmetry;
this table can be used to aid in interpreting the results of the
McNemar test.

. A person who knows the answer to the test item responds in-

correctly with probability x € ¥2 and a person who does not know
the answer to a test item responds correctly with probability
x< V2.

. Given that an examinee knows the answer to the test item, an

incorrect response on the first occasion is independent of an in-
correct response when retested. Correspondingly, for an examinee
who does not know the answer, the event of a correct response on
the first occasion is independent of the event of a correct response
on the second occasion.

We denote a correct response with a 1 and an incorrect response with

a 0. Let k denote the proportion of people in the population of
examinees who know the answer to the test item, The probabilities
corresponding to the four possible outcomes (right-right, right-wrong,
wrong-right, and wrong-wrong} are then:

Py=x*—2kx+k
P, =x(1—-x)
Py = x(1 —x) (1
Po=x—-2(1—-k)+(1—k)
P+ Po+Py+Pyp=1

Note that Py, Pio, Poi, Py, x, v, and k are population parameters. )

What we observe is a fourfold table of frequencies:

=
o

d c+d
ate b+d n
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where a + b + ¢ +d = n, Note that P, = Py, but it is not necessarily
true that & = ¢. With the parameters P\, and P;, equal, we have the
case of exact symmetry, or equal difficulties for the item on the two
occasions. Our first step is to use the McNemar test with the observed
frequencies to test this hypothesis of exact symmetry. In general, we
expect the normative difficulties of the item to be the same on the two
occasions unless some unintended learning has taken place in the rela-
tively short interval. It should be clear that the power of the McNemar
test is a critical factor in its use and interpretation. It is well known
that if a stated hypothesis is faise, then, given a large enough sample, it
will generally be possible to reject this hypothesis at a chosen signifi-
cance level, however, we wish to guard against rejecting this hypothesis
when the normative itern difficulty is only trivially different on the two
occasions. We have used results of Bennett and Underwood (1970), who
discuss the power function of X* = (b — ¢)*/(b + ¢) under alternatives of
the form P, = ¢ + e/\f;, Py =g~ e/\/;, where ¢ is some constant,
The limiting power function is a non-central chi-square distribution with
1 df and non-centrality parameter A = (2¢*)/g. In the limiting power
function, A depends on 3, the power of the test. See expression (9) in
Bennett and Underwood (1970, p. 341). If @ = .05 and A = 3.84, then
f# = .5, which can be read from the tabies given by Fix (1949). Now
Pio — Py, = (2¢)/V'n, and e = [(Ag)/2]"/2. Therefore, for a = .05 and
B=.50, n=1[2/(Po— Ps)]*(3.84/2)q. It then follows that for the
chosen @ and f# we can table n in terms of the parameters ¢ and (P, —
Py). If we wish o to equal .01, A = 6.64 and the new values of n are
readily given. Table 1 gives values of n for various values of the pa-
rameters g and P,, — P, that yield a probability of .5 of falsely rejecting
the hypothesis of exact symmetry at the .05 level of significance.

Table 1: Sample Sizes Needed for the Power of the McNemar Test
To Be 0.5 when the Significance Level is 0.05.

Py — Py
q A 2 3 4
10 76 19 * *
A5 115 28 12 *
.20 153 8 17 9
.25 191 48 21 12
.30 230 57 25 14
.35 268 67 29 16
.40 307 76 34 19
45 345 86 38 21

*Impossible, since P, would be negative.
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We now examine the solvable Lazarsfeld-Kendall model, From (1)
above we have (x — x*) = P,, = Py, and so, a solution for x in terms of
parameters is ¥2[1 £ (1 — 4P,.)'/*]. A solution for k is

1 HDL -1

o
2 21— 4P

Note that P, =P, + Po=x*—2kx +E+x(1 —x)=x —2kx+ k. In
terms of parameters, 2x(1 — x) is the probability that a randomly chosen
person will answer the test item differently on the two separate occa-
sions; this suggests a reason for Lazarsfeld and Kendall's choice of
“turnover” as a description of the model.

The necessary and sufficient conditions for the L-K model to hold are:

PD1=PID"‘<-1/4
P1|?PI_P_1

2)

For convenience, set p = Py = Py, We now develop p = (b + ¢)/(2n) as
an estimator of p. Define the random variable A as the number of
examinees that answer the test item correctly on both occasions. Lower
case letters corresponding to the symbol used for a random variable will
designate a value of the random variable. Thus, a is an observed value
of the random variable 4. Let B be the random variable that corre-
sponds to the number of students who answer correctly on the first
occasion but incorrectly on the second occasion. The value of B which
we observe is b. C and D are random variables that are defined in a
similar fashion for students who answer incorrectly on the first occasion
or on both occasions, respectively. As stated earlier, it is assumed that
the subjects are sampled from an infinite population or from a finite
population with replacement. Therefore the appropriate joint probabil-
ity density function (p.d.f.) for A, B, C and D is the multinomial with
parameters n and P;, i=0, 1 and j =0, 1. That is, the probability
that A =a,B=b,C=cand D =d is given by

H!PnaPmmeanod
alblcld!
where a + b +c+d=n and Piy + Py + Py + Py = 1. Since by as-
sumption p = Py, = Py, expression (3} is equivalent to
n!P,°p" Py’
atbleld!

(3)

4

Let W designate the random variable which corresponds to the
number of students from a sample of » students who give inconsistent
answers on the two occasions they are tested. That is, W denotes the
number of students who are correct on one of the two occasions and
incorrect on the other. The probability of securing an inconsistent
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response from a randomly selected student is Py + Py = 2p. Given that
sampling is from an infinite population or from a finite population with
replacement, W has a binomial distribution with parameters 2p and n.
Note that the observed value of W is W = b + ¢ and that the observed
value of W/(2n) is p = (b + ¢)/2n. Since W has a binomial distribu-
tion with parameters n and 2p, the expected value of W is 2np. Then,
E(W/2n) = 2np/2n = p. Hence, W/2n, or equivalently, p, is an un-
biased estimate of p.

Next we can show that W/2n is a maximum likelihood estimator
(MLE) of p. A MLE is that estimator of the parameter which makes the
observed values most likely. For example a/n is well known to be a
MLE of P,,, ie., a/n is that estimate of P,, which makes the event
A = a most likely.

A theorem due to Zehna (1966, p. 744) shows that under very general
conditions, when 8 is a maximum likelihood estimator of the parameter
# and g is any (measurable) function, then g(B) is a maximum fikefihood
estimator of g(8). Zehna shows that the function need not even be
one-to-one, which is a condition for which it was earlier proved that
g(@) is a MLE of g(8). Let (X, B) denote a measurable space (Loeve,
1963, p. 64) and let T = {P,; 6 € ©} be a family of probability meas-
utes on (X, B). The parameter space © is an interval in an r-dimension-
al Euclidean space {r 2 1). Thus, 8= (6, ..., 8) is vector valued.
The set T could, for example, be the class of probability functions of the
form (1 — 8F, 0< 6<1 and z =0, 1, which are binomial. Let g be
a function mapping © to an interval Q in a v-dimensional Euclidean
space (1< v < r), Then, if 6 is a MLE of 8, g(B) is a MLE of g(@).
Now, (b + ¢)/n is a maximum likelihood estimate of 2p (Wilks, 1962,
p. 392, exercise 12.23). Applying Zehna's theorem, we see that
(b + ¢)/2n is a MLE of p. In this particular case, © = {8: 0 < 6 < 1},
Q ={w: 0< w< ¥}, and g simply maps 2p into p.

Next, we prove that p is an efficient estimator of p, that is, no
other unbiased estimator has a smaller variance. We here are defining
efficiency in a conventional manner, but we are aware that Rao (1973,
section 5C.2) has identified some other concepts relative to efficiency.
Again, we assume that we have a family of distribution functions
depending on a parameter 8 and that T={P,; BE ©}. Let flz; 0)
denote the probability density function of P, where Z is a random
variable. For example, for the binomial, Z would take the values ¢ and
1. We now need to describe conditions under which a certain inequality
holds. The inequality is

1
K )]

* %inf(z:0)]
_np |20z
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which describes a lower bound to the variance of an estimator 8. (n is
the number of observations and In the natural logarithm.) For this
inequality to hold, a family T must satisfy the four Cramer-Rao
regularity conditions. (See Zacks, 1971, p. 182.) The four conditions
are:

(a) © is either the real line, or an interval on the real line;

(b) (8/98)f(z; B)exists and is finite almost surely (See Loeve, 1963,
p- 149) for every 8 € ©;

(c) JI(B8'788)f(z; B)|dz < = foreveryf €O, andi =1, 2;

(d) E(a/80logf(z; 8)Y < = foreveryd € O,

Suppose T is Cramer-Rao regular. Let g be a real valued function on
© and # be an unbiased estimator of 8 having a finite variance and
satisfying this fifth condition:

(e) [18(8/98)f(z; B)|dz < oo.

Then inequality {3} holds. We observe that for conditions (¢) and (e) the
integral is technically a Lebesque integral and handles discrete distribu-
tions. In the binomial case that we are concerned with, f(z; 8) is given
by (2p)y(1 — 2p)'~*, with z equal to zero or one.

We wish to show that the variance of §, which is equal to

n(2p)Y1 —2p) _ pll —2p)
4n* 2n

has the minimum value specified by the equality in (5). We will then
indicate that the regularity conditions are satisfied. For the right hand
side of (5) we have:

In(Az)) = zIn(2p) + (1 — 2)In(1 — 2p)

am(fz) | 2Al-2)
————=p - —
and
|
M) e 4 - 2y = 2p)
ap*

Then the expected value of this last function is:
=2p™ — 4(1 - 2p)* + 8p(1 — 2p)?,

since the expected value of z is 2p. This expression may be simplified by
these steps:
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~21 - 2p) - 4p + 8p?
p(1 — 2p)
~2(1 + 4p* — 4p) — 4p + 8p?
p(l = 2py’ ©)
=2(1-2p)
p(1-2p)¢
_ =2
pll—2p)

We now muitiply (6) by —n and take its reciprocal, which gives
p(l — 2p)/2n as the value of the right side of (5). This is the variance of
p, and 50 g,? is a minimum.

It remains to show that the regularity conditions hold. We make the
following observations:

(a) The first of the four regularity conditions holds, since by assump-
tion 0 < p < U,

(b) 9 f/9p = 2z(2py" — A1 — z)2p)<(1 — 2p)™* exists and is finite
foreveryp, 0<p € %,

(¢} It can be seen that 92 f/3p? also exists and is finite for every p,
0 < p € V4. Furthermore, f has only two possible values when
n = 1. It then follows that the third regularity condition holds
since {|(8/8p)fz; plldz =%, @ f/3p < =, In a similar fash-
ion, condition (e} holds.

(d) Finally, the fourth condition holds since, as we saw above,

aln{ f(z))] 2
ap

exists and is finite for every p, 0 < p €%,

We also observe that the regularity conditions are satisfied in the more
general case in which 0 <p < %;. Consequently, the condition that
P S Y need not hold in order for p to be an efficient estimator of p.
However, a large value of p would be difficult to interpret in a stability
study, since then the frequency of 1,0 or 0,1 responses would be
greater than the frequency of consistent responses.

Point Estimate of x. Recall that x is the probability of an inappro-
priate response, and that it is defined in terms of parameters as
x = %1 =(1 — 4p,,)""?). We now wish to estimate x. A maximum likeli-
hood estimate of x will be given by £ = Y2(1 — (1 — 2(b + ¢)/n)''?)
providing that 0 € Py, €1, 0 2p £ 1,0 €P < 1, and p = P,y = Py, . *

*Clarification of the limits on 2p should be made. Earlier we made the assumption that
2p > 0 so that the Cramer-Rao regularity conditions would be satisfied. This assumption
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Define a function: g(P., 2p, Pw) = Y2(1 — (1 — 2p)''?), and note that g
is a mapping from a three-dimensional space into a two-dimensional
Euclidean space or complex plane. Now a/n, (b + ¢)/n, and d/n are
MLE's of P,,, 2p, and Py respectively. Substituting these values in the
function defined above, we have by Zehna’s theorem that £ is a MLE of
x, without any other restriction on x, i.e., not yet requiring 0 < x € 1.

It is true that £ can take on complex values, i.e., it can have an
imaginary component. This is not a problem for the mathematics
involved, but it is a problem for the application of the model to data.
Suppose for a moment that % is complex. If the decision is made to
accept this value as a reasonable value of x, then one has in effect made
a decision that the L-K model does not hold, since a complex value of
x can hardly be interpreted as a probability. The problem that arises is
that a complex value for £ is possible even when the L-K modei really
does hold and x is real. For example, suppose that the L-K model holds.
Then the event W = n occurs with probability greater than zero, and
when it does, £ = Y2(1 — V-1 ) and is complex.

Suppose we assume that p € Y despite any evidence to the contrary.
Based on this assumption, W/n is not always a MLE of 2p as will be
shown below, and it is not necessarily true that £ is a MLE of x. The
problem to be solved is this: If we assume that 2p < %2, what is a MLE
of 2p? Once we have a MLE of 2p, we can apply Zehna’s theorem to
find a MLE of x, to be called %,, based on the assumption that
2p € Y. In order to solve this problem, a more formal approach to
maximum likelihood estimation is necessary.

Following Rao (1973, p. 353) and Zacks (1971, p. 222), let z denote
the realized value of a set of observations and f(z; 8) denote the joint
density where 6 =(8;, . .., 8,). The vector @ is assumed to be an
clement of ©® where © is a subset of a Euclidean r-space. The likelihood
of 6 given the observations is defined as L(B|z) = ¢ f(x; 8), where the
proportionality factor ¢, 0 < ¢ < % could depend on z but is independent
of 8. An estimate 8 of 8 is said to be maximum likelihood if

L(Biz) = sup L(8]z),

0ee

where sup means supremum or least upper bound.
Recall that the random variable W is binomial with parameters » and
2p where, by assumption, p = P,, = P,,. For convenience, set w

was necessary in order to establish that p = (b + ¢)/2n is efficient. Here, however, we are
interested in obtaining a maximum likelihood estimate of x. It can be shown that when
2p = 0, % is still a maximum likelihood estimator of x, Therefore, we include the possibility
that 2p = 0. The other point that needs to be made is that we are considering the problem
of estimating x assuming only that P,; = P,,. In this case, 2p can be greater than %2 but
must be less than or equal to 1. If, instead, we assume that the L-K model holds (ie.,
2p € '4) then % is not a maximum likelihood estimator of x when £ > ¥:. This point will
be discussed in more detail later.
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= p +c, that is, w denotes the observed number of inconsistent re-
sponses to our hypothetical test item. The likelihood of 2p, given the n
observations a, b, ¢, and d, is

L(2p|z} = 2py<(1 = 2p)y™. (7

Note that z, the realized value of the set of observations, is a vector
of 1’s and 0’s. Furthermore, the number of 1’s in the vector z is w. In
this instance, 8 = 2p and © = {6: 0 € 6 €1}. As pointed out earlier, w/n
isa MLE of 2p, i.e.,

L(w/n|z) = sup L(8)z).

rE®

Consider ©%* = {8: 0 < 8 < %}. If w/n € Y2, then the partial derivative
of L(8|z) with respect to 8 where 8 = 2p, vanishes at a point in ©*. It
follows that if w/n < %4, then

L(w/n|z) = sup L({6)z).

-X=3 -]

If we substitute 8 for 2p in expression (7} and differentiate with respect
to 6, we obtain

w1 — 8y — (m —w)e*(1 — By, (8)

It can be shown that (8) vanishes for thres values of 8, namely, 8 = 0,
=1 and 8 = w/n. Since the likelihood function is a minimum at
8 = w/n, it follows that if w/n = %4, then L(8|z) is (monotonically)
increasing for 8 € ©*%. Otherwise (8) would vanish in ©* for some point
other than 8 = 0. Hence,

sup L(8lz) = L(V4]z).

=N -
We have proved the following: If one assumes that 2p < %4, then
. w/n, if w/n< v
=
Yo, H w/nzVs

is a MLE of 2p. To find a MLE of p, we consider the function
g(2p) = p. Zehna's theorem says that

w/2n, fw/n<V2
ﬁ1/2 =
Ya, if wn 2
is a MLE of p. Finally we consider g defined as
g(@p) = (1 — (1 — 4p)'’?).

Applying Zehna's theorem once more we see that
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Bl ~- (1 —2w/n)"?), ifw/n< ¥
Ya, fw/nzt

is a MLE of x assuming that 2p < 2. Most likely, both £, and £ are
biased statistics for estimating x. The reason is that, in general, if
E(8) = 9 then E[g(8)] # g(8) where E designates expectation. Further-
more, maximum likelihood estimates can be biased. For example, the
usual statistic for estimating the correlation between two random vari-
ables with a bivariate normal distribution is a maximum likelihood,
biased statistic.

Finally, we show that £ is consistent. This means that * approaches
x in probability as », the sample size, gets large. This can be stated
more formally as follows. Let € be any positive real number. If

Hm Pr{jx —x} = £) = 0,

then % is a consistent estimator of x. In other words, the probability that
the absolute value of the difference of x and % is greater than ¢
approaches 0 as » gets large. Furthermore, this is true for any ¢
chosen arbitrarily close to 0. Under very general conditions, maximum
likelihood statistics are consistent (see Kendall and Stuart, 1967, section
18.10). Hence, consistency is usually a less interesting property given a
maximum likelihood statistic. However, several examples of inconsistent
maximum likelihood estimators are known (Bahadur, 1958; Basu, 1955;
Hannan, 1960; Kiefer and Wolfowitz, 1956; Neyman and Scott, 1948).
For this reason, we establish that % is consistent.

Tt was noted earlier that W is a binomial random variable with
parameters n and 2p. Thus, by the law of large numbers W/n approaches
2p. Hence, 1 — 4(W/2n) = 1 — 4p asn —> < which implies

V1—4W/2n) =V 1—4p as n—> o,
(see, Wilks, 1962, section 4.3). Thus,
Wil -vV1i-—4W/2n)] = %{1-V1—4pl as n— o,

and £ is a consistent MLE of x.

The Exact Probability Density Function of X. In this section we derive
the probability density function of X = 14(1 — (1 — 2W/n)*"?) which may
be used, for example, in making interval estimates of x. That is, we want
to derive a method for determining the probability that the random
variable X has a particular value, say %. Here we are making a distinction
between random variables, e.g., X , and their admissible values, e.g., x.
Symbolically, we want to determine Pr[)i' = £]. We will demonstrate how
Pr[)? = £] can be expressed in terms of 2p where, as before, p = P,
= P,,. As noted earlier
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X =%l - (1-2W/n)"). £)]

We first solve for W as follows 2X ~ 1 = —=1(1 — 2W/n)"?, and (2X — 1)?
=1-2W/n, or 2W/n=1-4X*+4X — 1. Then W = 2n(X — X?).
This means that the event W = w corresponds to the event X = £ for one
and only one value £ of X. Equivalently, Pr[W = w] = PriX = #]. Verb-
ally, the probability of observing w of » randomly chosen examinees
who answer the test item correctly on one occasion and incorrectly on the
other is equal to the probability of calculating X to be & since the value
% corresponds to exactly one possible value w of the random variable
W. To be more explicit, recall that W can have one of » + 1 possible
values, namely, 0, §, 2, . . . n. I, for example, W= 0 (all n of the
examinees give a consistent response to the test item) then from (9)
X =1 Also, as was shown above, X=1 implies that W = 0. Conse-
quently, Pr{W = 0] = (1 — 2p)" = Pr[X = %]. For any value w of W:

Pr(W = w] = 2}2p)"(1 — 2p)~ = Pr[X = %), (10)

where & is the value of X corresponding to w. Since w = 2n{x — £?)
we may write Pr(X = %] as

n
(zn(_-e- —_ “2)) (zp)“‘n(i*ij)(l _— zp)n-Zrl(i—?l (11)

by substituting 2n{% — £*) for w in (10). Expression (11) is the probability
density function of X and gives in terms of 2p the probability that X will
have a particular admissible value £ which is the desired result.

Point Estimate of k. Recall that k, the proportion of examinees who
know the test item, is given by

k=g + 2P, 1 =1/2+2(P11+p) 1
2(1 — 4p)'? 2(1 — 4p)y2

In simple terms, the theorem by Zehna described above says that if we
substitute a maximum likelihood estimate of P, and p in the expression
for k, then we obtain a maximum likelihood estimate of k. Since
{(a + B)/n and (b + ¢)/2n are MLE’s of p, and p, as noted earlier, we
have that

. 2(2a + b +c)/2m) — 1 (2a+b+c)/n—1
kE=w+ =1+
2(1 - 4((& + c)/2n))"? 21 — 2(b + e)/n))*

isaMLEofk.

As was the case with %, the event that k has a complex value occurs
with probability greater than zero even when the L-K model holds, in
which case k is no longer a MLE of & when we assume the model
holds. If a decision is made that the value of k is indeed a complex
number {has an imaginary component) then the decision has been made
that the L-K model does not hold since k can hardiy be interpreted as a
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proportion. Consequently, there may be situations in which one is unwill-
ing to accept complex numbers as estimates of k. One approach to this
problem is to consider the estimation of k under the assumption that
p = P, =Py, and that 2p < %2, which precludes complex numbers as
appropriate estimates of k. In this case, k, as defined above, is no longer
a MLE of k. To find 2 MLE of k, to be called £, it is sufficient,
according to the theorem by Zehna, to find a MLE of 2p and Py, assuming
that p = P,y = Py, and 2p € V4. It will be shown that

. a/n if (b+c)/n<¥2
" {a/z(n—b—c) it (b +c)/n> Y
(b+c)n if (b+ca< v

vi it (b+c)n2 %

(12)

yield a maximum likelihood estimator for the problem of simultaneously
estimating P,, and 2p assuming that p = P,, = Pq, and 2p < 2. Before
continuing, however, we will give a non-technical explanation of (12} as
an estimate of Pi..

The estimate of P,, with a/2(n — b — ¢) when (b + c)}/n 2 4 is coun-
terintuitive since it would seem that the estimate of Py, should not depend
in any particular way on the values b and ¢ nor on the admissible
values of p. As a brief explanation, we first point out that if one adopts a
maximum likelihood estimation approach to estimating P:, and 2p, then
we are in effect searching for a point in the admissible region of a plane
(the plane being the domain of an appropriate likelihood function) such
that for this point the likelihood function is a maximum. If, by assump-
tion, 2p < ¥ and (b + ¢)/n 2= V2 then the problem of maximizing the
likelihood function reduces to finding an appropriate point in a line in
the plane. Moreover, this line determines the form of the likelihood

_function so that the point at which the likelihood equation is a maximum
can be determined. It is the form of the likelihood equation for the points
on this line that accounts for the dependence of the estimator Py on
the values of b and c.

If we use (12) as maximum likelihood estimators of P, and 2p, then
according to the theorem by Zehna, we obtain a MLE of k by substituting
the corresponding estimates of Py, and 2p in the expression

2P +2p—1

k=%+—""—"—" (13)
2(1 — 4py”?

Suppose, for example, that (b + ¢c)/n 2 %2, To estimate &k, we would
substitute a/2(n — b — ¢) for P,, and % for 2p in expression (13).

However, such a procedure would result in division by zero since
1-4p=1-22p)=1-2('4) = 0.1f, of course, (b + c)/n < 2 and we
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substitute (b + ¢)/r for 2p in (13), then the problem of division by zero
does not arise. To avoid division by zero we might choose some positive
number close to zero, say £, and assume that 2p € Y2 — £. If, for example,
we choose € to be .01, then the assumption that 2p < .5 is nearly equiva-
lent to assuming that 2p < .5 — .01 = .49, For a positive £ less than ¥4, it
is shown below that

. a/n if (b+c)/n< 2 —¢

Pr 3a(‘/z+£)/(n—b—-c) if(bt+te)nz2%—c¢
) g(b+c)/n if (b+c/n<Vi—e

= Vi—e H(Bro/n2v—¢

(14)

provides a MLE for the problem of simultaneously estimating P,, and 2p
under the assumption that 2p < 32 —¢. I, for example, (b +¢)/n
< %2 — e then an application of Zehna's theorem implies that we estimate
k tobe

2a/n+{b+c)in—1
200 = 2(b + c)/n)y?
If (b + ¢)/n 2 Y4 — & then the estimate of k would be
dava+eY(n—-b-c)+Va—e—1
2(1 = 2(¥2 — g))/?
+2a(‘/z+£)/(n'-b'"c)— s~
2(2ep2

1+

We now give a proper verification that (12) is a MLE of P,, and 2p
assuming that p = P,y =Py, and 2p € ¥ after which we consider the
problem of estimating P,, and 2p when by assumption 2p € 2 — &.
Since we have already assumed that P,; = Py, this particular situation
can be described with a trinomial distribution. That is, each student falls
into one of three categories: {1) he is correct on both occasions, (2} he is
inconsistent in his response, or (3) he is incorrect on both occasions. The
corresponding probabilities are Py, 2p = P + Py and P = 1 — Py
=~ 2p. Note that the p, given above does not necessarily apply to the
present situation, since the derivation of §, was based on a binomial
distribution.

To be consistent with the notation used for describing MLE’s, set
8, = P,, and 8, = 2p. The likelihood function is

L(B|z) = 6,°8,*(1 — 6, — 8,) (15)

where 68 = (6,, 8,), w=>b+ ¢, z denotes the realized values of the
random variables, and a, b, and ¢ are observed frequencies. When
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0<6,<1and 0< 6, €1 then a/n and w/n are MLE’s of 8, and 6,
respectively, as noted earlier. That is,
L{ta/n, w/n)|z) = sup L(6|z)
:X=g¢]
where @ ={(8,, 6;): 0<8,<1, 0<6,<1, 6, +6:<1} Let O¥
={(6,, 6,): 0<8,<1,0<86,< %, 6, +6,<1}. The clements of
the set © correspond to the points in the triangle EIH of Figure 1.

6.

Figure 1

B,

@ is the admissible part of the plane for the general trinomial distribu-
tion. The elements of ©F are the points in the quadrilateral EFGH
where the point H is 6=(0, 0), G is 8=(0, *42), I is 8=1(0 1),
Eis8= (1, 0)and Fis 8 = (Y2, 12). We wish to show that

{a/n, w/in), if wn< 2
(@a/2n —w), ¥2), if “Ew/nsl

isa MLE of 6 for 8 € ©%.
We first consider whether or not a MLE of & exists—a fact that cannot
atways be taken for granted (see Rao, 1973, section 5d.3). Since the

sup exists for (15), expression (15) is bounded, and therefore is bounded
aEB

for 8§ € ©%, which implies that sup L(B|z) exists {Rudin, 1964, theorem

g E o

g =

1.36). Thus, a MLE exists.

If w/n < ¥4 then 8 = (a/n, w/n) is a MLE of 8 since, in particular,
8L/98, and JL/28, vanish (see Wilks, 1962, p. 392). However, if
w/n = V4, then the partial derivatives do not vanish for any interior
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point of the quadrilateral FFGH in Figure 1. To see this, we differen-
tiate (15) with respect to 6, to obtain

8.*[ad (1 ~ 8, — B — G,(n —a — wil — 8, — ;)]
Differentiating (15) with respect to 8, we have that
6:2lw8, (1 — 6, — B)7™ — B(n —a — wll — 6, — ;)]

F0<6,<1 and 0< 8, <1, then the two expressions above can be
equal to zero if and only if 8, = a/n and 8, = w/n. Thus, there exists
a 8, say 6,, on the boundary of the quadrilateral EFGH such that
L(B,|z) = L(8]z) for any @ € ©* by definition of sup. if

8 & {(91, 8;): 6, +8,= I}

or if 8 is of the form (0, 8,) or (8,, 0} then the right hand side of {(15)
is zero. But there is always a point 8 for which (15) is not zero. Thus, we
arrive at the conclusion that the maximum of (15) must occur at a point
0 where 8 is of the form 6 = (8,, %) and 0 £ 8, € '4. Substituting %2
for 8, in expression (15) gives

B(A)(1 ~ B, = Yoy = B(Y)(% — B, (16)

We are now left with the problem of choosing a value for 8, which
maximizes (16). Differentiating (16) with respect to 8, and setting the
result equal to zero gives

(a)[(@8, ") — 8y — (n — a — w)g*(V2 — 8, 1) = 0
Thus,
ad, (Ve — 8,y =(n —a— w)d (2 — 0,)y =", a7n

Dividing both sides of (17} by &,*'(1 — 8,y "' gives a(V2 —- 8,)
={n —a —w)d,. Hence, (n — w)8, = a/2 and thus, 8, = a/2(n — w).
This completes the proof. Note that if w = n then (15) is a maximum
forany 8 € {(6,, 6,): 0< 6, < A, 6; < A}

If we assume that 0 € 8, € ¥2 — £ rather than 0 € 6, < Y then it can
be shown that the likelihood function is a maximum at a point of the
form 6 = (6,, *2 — ). It follows that (14) is a maximum likelihood
estimator of Py, and p. The details of the argument are omitted since
they are exactly the same as the case 0 € 8, € 4.

To find the distribution of K, the random variable corresponding to
the statistic k, we first derive the joint distribution of X and K. The
technique used is essentially the same as the one for finding the distribu-
tion of X (see Hogg and Craig, 1970, section 4.2). Recall that A is the
random variable that denotes the number of studenis who answer the
test item correctly on both occasions. A has a binomial distribution with
parameters » and P,;. Now the transformation
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X=w[1-V1-4W/2n)] (18)
and
N 2A/n+ W/2n)— 1
K=v+ (19)

2V 1— 4W/2n)

is one-to-one. To show this, we first note that W.= 2n()2 — X?) as shown
before. Next we solve for A. From (19), (K - 2)2(1 — 2W/n}"'?)
=2A/n+ W/2n)— 1.

Hence, (K — v2)2(1 — 2W/n)""* + 1) = A/n + W/2n.
Thus, K — %)2(1 — 2W/n)* + 1) — W/2n = A/n.
Whence, A = m/2((K — %)2(1 — 2W/n)'?2 + 1) — AW
Substituting 2#(X — X?) for W gives
A= /DR - )21 - 4X -+ 1) — aX - X2
But the joint p.d.f. of A and Wis
nlP L (2p)(1 — 2p — Py~

alwl{in —a — wi!

(20)

As usual, lower case letters denote a value of a random variable. By
substituting 2»( — %*) for w and n[(k 1AX1 — 4(x - :r‘c’))”2 + %%
+ 4] for a in (20}, we have the joint p.d.f. of X and K. What this
means is that the event A =a and W = w corresponds to one and only
one pair of values of K and X, say £ and k. Moreover, Pr(A = a,
W=w)=PrX =% K=k).

From (19) and (20) we see that the possible values of K are determined
by the value of X. The reason is that a given value of W determines
the possible values of A. Thus, X and . K are dependent.

Let f; denote the joint p.d.f. of X and K. Then the p.d.f. of K is

. f,(j‘: %) where the sum is over all possible values of X fora given value
of K. From (18) and (19) it appears that there is one and only one
value of X for a given value of K since the values of A and W are
integers. However, it is not completely clear that this is always the case.
Therefore, a certain amount of cautwn must be exercised if one is
interested in using the exact p.d.f. of K.

The Asymptouc Dzsmbutwn of X and K. Unfortunately, the exact
p.d.f. of X alone or K alone in the L-K model is not very convenient
to use. For this reason, we examine the asymptotic distribution of both
X and K.

Wilks (1962, section 9.3) siates the following theorem: Suppose
Vies « - -3 Vimy m=1, ..., n is a sample from a j-dimensional dis-
tribution with finite means, say u,, and positive definite variance-
covariance matrix |owll(i, m=1,...,5). Let g(Vi,...,V,) be a
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function and suppose the first derivatives of g, say dg/aV.=g,,

i=1,...,jexist at all points in some neighberhood of (&, . . . , &)
and let g° = gdph, . . ., ;). Then if at least one of the g is # 0,
g(V., ..., V) is asympiotically normal with mean g(u,, . . . , ;) and

i, m=1 Om8:"gm’ Where ‘7.- = 1/n2Zmt Vime

In terms of X, j=1and V, = A/n, where, as before, A is the random
variable corresponding to a correct response to the test item on both
occasions and where the observed value of A is a. To see why ¥,
= A/n is appropriate, note that A/n is the sample mean based on a
random sample of n observations from a population with a binomial
p.d. f. with parameters 1 and P,,, i.e., A/n estimates Py,. As for
R,j=2, V.,=A/nand V., = W/n. For X we assume that p # %. If p
= 14, g, does not exist at all points in any neighborhood of 2p since, in
particular, g, is not defined at the point p = %. If we assume that
p >0, theng, # 0. As for K , it is sufficient to assume that p # %4 and
p > 0. We also must verify that the variance-covariance matrix of 4
and W is positive definite. A necessary and sufficient condition that the
variance-covariance matrix be positive definite is that there exists no
linear dependence between A and W (Wilks, 1962, section 3.5). That is,
it 'is impossible to find ¢, and ¢, not both zero, such that Pr
* {eid +c.W=1¢3) =1 for some constant c,. Since we are in effect
working with a trinomial distribution, it can be seen that there is no
linear dependence between A and W except when Py, = 1.

This line of argument leads to the conclusion that both X and K are
normally distributed asymptotically, and thus, indicates that with
reasonably large sample sizes we may interpret either X or K as a
normally distributed variable. Moreover, the asymptotic expected value
of X is x and the expected value of K is k.

Modifications of the Lazarsfeld-Kendall Turnover Model. We describe
two modifications of the L-K model that apparently were first suggested
and investigated by Wilcox (1976). In the L-K model, the probability
of an inappropriate response on the first occasion is set equal to the
probability of an inappropriate response on the second occasion. An
inappropriate response, however, may be regarded as one of two kinds:
knowing but answering incorrectly or not knowing and answering cor-
rectly. We now describe twe models that result when we set the prob-
ability of one of these two types of inappropriate respenses equal to zero.
When we assume that an examinee who does not know the answer
guesses the answer with probability zero, then we have

variance 1/n X/

Second Occasion
1 0
First 1 k1-xP  kx(l—x) k(1 - x)
Occasion o p(1—x) (A -K)+k® ke +(l~k)
k1-x) ke+(1-£K 1
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as the model. Here x is the (non-zero) probability of answering in-
correctly when the examinee knows the answer, and k is the proportion
of examinees who know the answer on both occasions. Note that exact
symmetry holds for the parameters of this model. We can solve for x
and k in terms of parameters, thus,

X =P(Pn +p)y'
k=P, Py T pF

In these equations, p = Py, as before. A solution for x assumes Py, < 1.
If Pyo = 1, then we take & = 0.

This modei is similar to a model by Marks and Noll (1967); their model
was developed for the case of pre and post testing associated with
instruction, whereas ours is for the case of testing on two occasions
when no systematic learning is assumed to take place during the interval.
The model we describe may be useful for items for which the probability
of guessing the correct answer is zero or very close to zero. Completion
items that require specific information which is not generally available
may be an illustration.

To obtain a MLE of & and £ it is sufficient, according to the theorem
13y Zehna, to substitute a MLE of p and P,, in the expression for £ and
k. We have then that ‘

r=(b+c)/(2a+b+c)
and
k=Qa+b+c)/dan

are a MLE of x and k respectively.

The exact probability density function of x and k can also be derived.
(See Wilcox, 1976, Chapter 2.) As was the case for the L-K model, the
form of the density functions is quite involved; consequently, we merely
state that the distributions of the statistics for estimating x and k (the
probability density functions of X and k) are asymptotically normal. The
details of the proof are exactly the same as they were for the L-K model
and are therefore omitted.

We now consider the second modification of the L-K model which is
given by assuming that the probability of knowing the answer to the item
and getting it wrong is zero. We define y to be the probability of getting
the item right given that the examinee does not know the answer. In
contrast to the first modification of the L-K model, we assume that y is
greater than zero. The resulting fourfold table of probabilities is as
follows:
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Second Occasion
1 0
Fist 1 k+(1-kyp* (Q-kyp(-y) (-kp+k
Occasion o (1-kpi-y) A -KA-yF (1-k1-y)
(1—-ky+k (1 —-k)1-~y) 1

This modification may be appropriate for relatively easy multiple choice
items associated with an elementary instructional program that is de-
signed to teach basic facts and terms but not complicated relationships
among principles, Solving for y and k, we have that

yoP
P+ Py
o Py
PDU
Applying the theorem by Zehna, we have that
. (b+c)/2n
' (b+c)2n+din
and
(b +¢)2n+d/np
PRI )

d/n

are 2 MLE of y and k respectively when p = Py, = P, and when 2p,
Py, and Py, can have any value between zero and one inclusive with the
restriction that 2p + P,, + Py = 1. We merely state that the distribu-
tions of  and & are asymptotically normal,

Tahble of Symbols

x = the probability that a randomly chosen examinee gives an inappropriate
response to the test item. x is a population parameter.

Py, = the population parameter denoting the probability that a randomly chosen
examinee answers correctly on both occasions.

P,, = a population parameter denoting the probability that a randomly chosen
examinee gives a correct-incorrect response.

Py, = the population parameter denoting the probability that a randomly chosen
examinee gives an incorrect-correct response.

Py, = the population parameter denoting the probability that a randomly chosen
examinee gives an incorrect response on both occasions,

& = the population parameter denoting the proportion of examinees who know
the answer to the test item.
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A = the random variable that corresponds to the number of examinees who
answer the test item cotrectly on both occasions.

a = the value of the random variable A which is observed for a particular
sample of examinees. That is, a is the number of examinees who answer the
test item correctly on both occasions.

B = the random variable corresponding to the number of examinees giving a
correct-incorrect response to the test item.

b = the value of the random variable B. Equivalently, b is the observed number
of examinees giving a cotrect-incorrect response for a particular sample of
examinees.

C = the random variable corresponding to the number of examinees who give
an incorrect-correct response.

¢ = the observed value of the random variable C.

D = the random variable corresponding to the number of examinces who give
an incotrect-incorrect response.

d = the observed value of D.

p = P,y = Py, where Py, = Py, is the assumption of exact symmetry in the
L-K model.

W =B + C, the random variable corresponding to the number of examinees who
give an inconsistent response.

w = the observed value of W wherew = & + ¢.

p = (b + ¢)/2n, the observed value used to estimate p. Note that / is the observed
value of the random variable W/2n.

£ =101 — (1 = 2(b + c)/n)"?). % is the observed value of the random variable b'd

X = 1(l — (1 — 2W/n)?). The symbol *a” is used so as to make 2 distinction
between the values of the random variable X , hamely £, and the parameter
X.

8 = an arbitrary parameter which may be vector valued, i.e., it may represent
several parameters.

z = an atbitrary realized value of a set of observations. For example, z may
designate a sequence of zeroes and ones.

@ = the set of admissible values of 8. Also, it is a subset of a Euclidean r-space,
rzl.

f = a probability density function.

L(8|z) = the likelihood function of 8.

P, = an estimate of 2p assuming 2p < .

£, = observed value used to estimat.  assuming 2p < 4.
Pr = probability of.

P, =P, + Py
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. _ ) XA/n+ W/2n)— 1
K = the random variable ¥4 + 21 — 4W/2n))"?

£ = the observed value of the random variable K. The symbol **+™ is used to
distinguish k from the parameter k.

B,, = estimate of P,,. When (b + ¢)/n< ', a/n is B,.. When (b + c)/n = ',
a/2(n~ b —c)isP.

€ = a positive real number.

©% = a subset of ©.




Chapter 5
NEW METHODS FOR STUDYING EQUIVALENCE

RAND R. WILCOX

In this paper we describe three probability models that may be useful
in equivalence studies of achievement test iterns. We begin by describing
a model based on a modification of the Lazarsfeld-Kendall turnover
model that was suggested by Goodman and Kruskal (1959). The other
two models are a modification of the Goodman-Kruskal model and will
be described in a subsequent section.

We assume that there are two test items each of which is answered by
the same sample of subjects randomly chosen from some population of
potential examinees. Each item is scored 1 for a correct or 0 for an
incotrect response. Furthermore, we assume that there are two classes of -
people; namely, those who know the answer to both items and those who
do not. We further assume that an examinee may make an inappropriate
response—either a correct response when he does not know or an
incorrect response when he does. We begin by deriving the probability
of an inappropriate response in terms of population parameters. We will
also derive an expression for the probability that a randomly chosen
person answers the two questions similarly and an expression for the
proportion of people in the population of potential examinees who know
the answer to both items. Point and interval estimates for the parameters
will be developed.

Let & denote the proportion of subjects who know the answer to both
items. Let x, denote the probability of an inappropriate response to
item one and x, the probability of an inappropriate response to item two.
By an inappropriate response we mean that an examinee responds
correctly when he does not know the answer or incorrectly when he does.
We assume that x, € %, x,€ % and that the probability of an inappro-
priate response to item one is independent of the probability of an
inappropriate response to item two, The fourfold table of probabilities
corresponding to the possible outcomes is given in Table 1.

66
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Table 1
Item 2
1 0
1 P|1 = k(l - x.)_(l - x;) Pw = k(l e x.]xz k(l - x,)
+ (1 = kpxix, +(1—k) + (1 — k)x,
Item 21 — x2)
1 0 Pm = kx1(1 - x:) Poe = kx,x: kx1
+(1—k) + (- k) +{(1—k)
* (1~ xdx, {1 —xy) {1 xy)
(1 — x3)
k(1 —x)+ {1 — k)xs kx;+ (1 - k) 1
{1 —x)

Here, P,; + P,y + Py + Py, = 1. Note that Py, Pio, Por, Poo, X1, X3, and
k are parameters. What we observe is:

Item 2
1 0
Ttem 1 1 a b a+b
0 c d et+d
atec bt+d n

where @ + b+ ¢+ d = n is the number of examinees answering both
items.

In order to estimate x,, x, and k we first need to express these
parameters in terms of the P,’s i =0, 1; j =0, 1). From Table 1, it
can be shown that

P1_ ~k
X =

1-2

P.| _k
Xy = —

1-2% (1)
kE=%(1 = (1 — 4)'?) where

(Pn _P1_P_1)

" = 2P + Po))

Note that in order for k to be real, r must be € Y4, In terms of » we have:
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2P1‘ —1

x, =Y 12—1-—“-1—‘—”' and
( r) @
”_1 - 1

=7

" -
2(1 — 4ry'?

Goodman and Kruskal (1959, p. 151) impose the additional restriction
that (P, — Y4} (P, — Y) 2 0 so that the choice of sign for both x, and
x, is the same. It can be shown that if P,, = Py, then the model
reduces to the Lazarsfeld-Kendall turnover model described in the
previous chapter on stability. Goodman and Kruskal! summarize the
necessary and sufficient conditions for the model to hold as follows:

0< P11—P1_P,1
1_2(P10+P01)

Py, —Ya)P,— )20

€ Min(Py Py, P.\Po)
(3}

Point Estimates of the Parameters. Our goal is to determine a
“reasonable” approach to the problem of estimating the parameters
X1, X; and k based on the observations. We assume that sampling is
from an infinite population or from a finite population with replacement
and consequently that the multinomial is the proper distribution func-
tion. Under this assumption, it will be shown that to estimate P,, with
a/n, P, with b/n, Py, with ¢/n, and Py with d/n and to substitute
these estimates in the expression for x,, x, and k provides a maximum
likelihood estimate of the parameters. A maximum likelihood estimator
(MLE) of a parameter is one such that of all possible values that the
parameter could possibly take, it has the value which makes the
observations most likely. We begin by describing a theorem that Zehna
(1966) developed.

In simple terms, Zehna has shown that, under very general conditions,
if 6 is a MLE of a parameter 8 where 8 is vector valued, then for any
function g, g(8) is a MLE of g(8) provided g is a mapping from
Euclidean #-space into a Euclidean v-space where u 2 v. It has been
known for some time that g(é) is a MLE of g(8) provided g is one-to-one,
that is, g(8,) = g(6;) implies 8, = 6. Using the result given by Zehna
eliminates the necessity of verifying that g is one-to-one. In terms of
the Goodman-Kruskal (henceforth, G-K) model, this means that sub-
stituting MLE's of Pyy, Pyo, and Py, in (1) yields a MLE of x,, x., k, and
r, tespectively. Here, for example, r is a function that maps Pi,, Py, and
Py, (a point in a 3-space) to a point on the real line. It is known (Johnson
and Kotz, 1969, p. 288) that if the observed frequencies a, b, ¢, and d
have a multinomial distribution, then a/n, b/r, ¢/n and d/n are MLE's
of P, P, Po and Py, respectively. Applying Zehna's theorem, we
have as MLE’s
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2Zn'la+b)—1

P=uwyF
2(1 — 4p)y2

- 2Zn'ateo)—1
2: =uzF 2(1 _ 4?)”2

4)
k=101 (-4

_an” —(atb)at et
1-2(b/n +c/n)

Another desirable property of £,, 2, and £ is that they are consistent
(Wilcox, 1976). A statistic 6 is a consistent estimator of a parameter 8 if
the probability that § differs from 8 by more than some positive real
number, say £, approaches zero as n, the sample size, gets large. The
point is that £ can be chosen arbitrarily close to zero implying that B can
be made to be arbitrarily close to 8 by choosing n sufficiently large.
While a consistent estimator is desirable, consistency is not considered
to be a strong property. This is particularly true when § is a MLE of 8
since a MLE is nearly always consistent. However, there are several
known examples in which a MLE is not consistent; this is our motivation
for mentioning that £,, £., and % have this property.

It should also be mentioned that £, £,, and £ are probably biased
statistics, i.e., E(#) # x., E(%;) # x, and E(k) # k where E denotes
expectation. The reason is that if E(8) = 6, then usually E(g(9)) # g(6)
for a function g. While an unbiased statistic is frequently (but not
always) considered to be more desirable than a biased one, the use of
biased MLE’s is a common occurence and can give good results. Perhaps
the best known example of a biased MLE is the usual Pearson product-
moment correlation coefficient which may be used to estimate the corre-
lation for a pormal bivariate distribution.

A comment concerning %, X, and k needs to be made, The first point
is that #,, £, and k& are MLE’s of x,, x, and k assuming that 0 € P;
<1 (i =290, 1; j= 0, 1) and that P,, + Py + Poy + Py =1. The
point is that we do not make the assumption that the G-K model holds;
we merely assume that the multinomial distribution is appropriate in
terms of the sampling plan used to select the examinees. The second
point is that the value of 7/ may be greater than *a. If we accept an
estimate of r that is greater than % then we have in effect rejected the
G-K model since the resulting estimate of k, a complex number, cannot
be interpreted as a proportion.

Before continuing, it is worth mentioning that the statistics %,, %;, and
k are MLE's of x,, x;, and k under the assumption that the G-K model
holds and that they have admissible values. For example, if we assume
the model holds, then &k must have a value between zero and one for the
model to make sense. The difficulty is that with probability greater than
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zero k can have a complex and hence an inadmissible value even when
the model holds. Our early experiences with the G-K model indicate that
inadmissible estimates of x,, x;, and k occur as a result of finding
By, - )P, — 1)< 0, where P, = (@ +b)/nand P, =(a +c)/n are
MLE's of P, and P,. If we then accept P, and P, as reasonable
values of P, and P,, we have rejected the G-K model since the
conditions given by (3) do not hold. Yet there may be circumstances
in which one is willing to assume the model holds despite any evidence
that (P, — %L }P., — ¥2) is less than zero. A partial solution to this
problem can be obtained if one is willing to assume that P, and P, are
both greater than V4. If, for example, we assume that P, > %, then
P, is not a MLE of P, . To obtain a MLE of P, we would use

p - % @+byn it (@+b)/n>%
Y f@+byns

Similarly, we would estimate P , with
po- {a+cyn flat+c)n> s
'—31/2 it @+c)/ns V2

Estimating the probability of a similar response. What is an appro-
priate measure of association based on the model described above? One
possibility is to use x.x, + (1 — x;X1 — x,) = §, say, the probability that
a randomly chosen person answers the two questions similarly (Goodman
and Kruskal, 1959, p. 151). This probability may prove to be useful in
certain situations. In terms of P, and r, it can be written as:

2P, -1 2P, -1
s=lv+—1 |+
21 - 4 21 — 4ry2

1 1 -
v — | 1 -
2(1 — 4r)'? 2(1 — 4ryV?
Applying the theorem by Zehna, we see that £.%. + (1 —~ £ H1 — %) is a
maximum likelihood estimator of 5. Recall that 0 < x;, € ¥, i=1, 2
and note that

1/1 "'-(-. XXz + (1 - x1)(1 - xz) ""-(- ]. (S)

is required. Furthermore, expression (5) obtains its minimum at x, = x,
= 14 and attains its maximum atx, = x, = 0.

The distribution of k. In this section we derive the probability
density function of k which may be useful in making interval estimates
of k. That is, we want to determine an expression that gives the
probability that the estimate of k is k where k is a particular admissible
value of k. To accomplish this task it will be convient to make a
distinction between a random variable and its values. Accordingly, we
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define the random variable A to be the number of examinees who answer
both test items correctly. We let B denote the random variable cor-
responding to the number of examinees who are correct on item 1 but
incorrect on item 2 and we let C be the random variable corresponding
to an incorrect-correct response. Finally, D will be the random variable
corresponding to the number of examinees who give an incorrect re-
sponse to both items. The values of A, B, C, and D that we observe are
a, b, ¢, and d, respectively. The random variable corresponding to
E will be denoted as K and is defined as K = a1l — (1 - 4R)"’)
where R is given in (6) below. As already indicated, our goal is
to determine the probability density function of R, i.e., we want to
find an expression in terms of Py, Py, Py and Py, that gives the
probability that the random variable R will have the value k. We
denote this probability as Pr(R = k). The method we use to accomplish
our goal is the usual change of variable technique for discrete random
variables. (See Hogg and Craig, 1970, section 4.2.) We define the
following transformations:

Z,=A/n
Z,= (A4 +B)n (6)
A/n ~ (A + BY/rY(A + C)y/n)

1-=2((B+ C)/n)

These transformations will yield the probability density function of R,
the random variable corresponding to #, which in turn can be used to
derive the probability density function of K.

We want to show, for reasons explained below, that the three trans-
formations defined above are one-to-one. This means that we want to
show that from (6) we can obtain an expression for 4, B, and C in terms
of Z,, Z,, and R. From expression (6} we have that A = nZ,. Substitut-
ing nZ, for A gives Z, = (nZ, + B)n. Thus, B = n(Z, — Z,). Substituting
nZ, for A and n(Z, — Z,) for B gives

a Zl - 22(21 + C/n) .
R= 7N
1-2Z,—-Z, + C/n)
Thus, R —2R(Z,-Z))~-2RC/n=2Z,— Z,Z, — CZ:./n.  Hence,
(Z, —2RYC/n =2WZ, -~ Z)—R+ 2, - 2.Z,. Whence, c
= (n/(Z, — 2RWZ, — Z,Z, — R(1 — 2AZ, — Z,))). This proves that the
transformation defined by the expressions in (6) is one-to-one.

As indicated earlier, the event that the random variable A has the
value a is written as A = a. Correspondingly, Pr(A = a) denotes the
probability that the random variable 4 has the value a. Extending this
notation further, the probability of the event A = a, B=5b,and C =c¢ is
denoted as Pr(A = a, B=b, € = ¢) and is equal to

ll

R =
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n!P“nPWbPMc(l - Py — Py Ptn)"-"’_"_c

alblelin ~a—b—c)l

(8)

By showing that the transformation given by (6) is one-to-one, we have
established that the event Z, = z,, Z, = z, and R = # corresponds to one
and only one event A = a, B = b, C = c. Consequently,

Pr(Z,=z,, Zy=z,, R=#)=PrA=a, B=b, C=¢)

for some unique set of values a, b, and ¢—the values being determined
by (6). For example, if n =10 anda=b=¢ =0, then z, =z, =7 = 0.
Conversely, if z, =z, =#=0, then a = b = ¢ = 0. Consequently, the
event A=0, B=0 and C=0 is equivalent to Z, =0, Z, =0 and
R = 0 which implies that P4 =0, B=0, C=0)=Pr(Z,=0, Z,= 0,
R =0). Thus, Pr(Z, =0, Z,=0, R =0) can be evaluated by sub-
stituting values of zero for ¢, b, and ¢ in expression (8) to obtain
(1 - P,, — P,, — P,,)" since n = 10. More generally if we substitute in
(8) nz, for a, n(z, — z,) for b and

("/(_Zf"’ Zz))[z1 —zZ, — A1 — 2z — 21))1

for ¢, we have the joint p.d.f. of Z,, Z, and R. Consequently, the p.d.f.
of RisX,, 2., PrZ =2z, Z; = z,, R = 7) where the sum is taken over
all possible values of Z, and Z,. Be certain to notice that the posstble
values of Z, depend on Z, and that the possible values of Z, depend on
the value of R.

Now, for the transformation K =10 -1 - 4R)"?) we have that
R = ((2K — 1) — 1)/-4. That is, the probability that the random var-
iable K has the value £ is equal to the probability that R bas the
value # where # is uniquely determined by k. Thus, substituting
((2k — 1)* — 1)/-4 in the probablhty density function of R, we have the
probability density function of K. We are aware that for practical
purposes, the exact probability density function of K will be very
difficult to use. A partial solution to this problem is to determine the
asymptotic dlstnbutlon of K which we do in a subsequent section.

Distribution of X, and X,. Without loss of generality, assume that the
minus sign is chosen in the expressions for X, and X,. Let the trans-
formations Z, and Z, be defined as in the previous section and consider

by 2/nA+B)— 1

I )
We want to show that the transformation is one-to-one. To do this, it
is sufficient to find a unique solution for C in terms of Z,, Z; and
.. As before, A =nZ and B.n(Z,—Z,). From (9), 2(X, — %)
= —({2/n)(4 + B) — 1)/(1 — 4R)"">. Hence,

R 2 +B -1
1_4R=|:(/n)(A ) ]
2%, — ¥2)
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Solving for R we have

" (2(A+B)y/n)~1 |2
o[-tz

Substituting nZ, for A and n(Z, — Z,) for B we find that

. (2Z,)— 12
R=WU|ll—-\—"7F7""" (10)
[ (th_%)]

Substituting the right hand side of (10} for Rin(7) gives a solution for
C in terms of Z,, Z,, and X,. Thus, if we substitute in (8) nz, for q,
n{z; — z,) for b and (n/(~2r + z))z\ — zez, — P(1 — Az = z,))] for c,
where

o 1= 1@= - /@2 -
4 )

we have the joing p.d.f. of Z,, Z, and X,. Then 2. 2., Priz,, za, %)

gives the p.d.f. of X, where the sums are taken over all possibie values of

Z, and Z,. The p.d.f. of X, can be derived in a similar fashion.

‘The asymptotic distribution of X,, X, and K. The exact probability
density functions of X,, X, and K are not in a form that is easy to use.
For example, the probability density function of X, as given above
involves summing over two variables, the admissible values of which
depend on the value of X.. Therefore, we show that, as the number of
observations gets large, the distribution of X,, X, and K approaches
normality. We use the following theorem given by Wilks (1962, section
9.3): Suppose Viw, . .., Vim, j=1,...,n, is a sample from a j-
dimensional distribution with finite means, say u,, and positive definite
variance-covariance matrix lowll G, m=1,...,/. Let
2(Vy, ..., V) be a function and suppose the first derivatives of g, say
dg/dV,=g, i=1,..., jexist at all points in some neighborhood of
(g1, .. ., 1) and let g® =g(u,, . . ., u;). Then, if at least one of the
g® is not equal to zero, g(V,, . . ., V) is asymptotically normal with
mean gy, ..., ) and variance (1/n) %, glg.’ where V.
=1/n} X, Vim.

We verify the conditions of the theorem for K. The proof of the
asymptotic normality of X, and X, is virtually the same as the proof for
K and is therefore omitted. For K, we may set ¥, = A/n, V, = B/n, and
V= C/n since A/n, B/n, and C/n are the sample means for estimating
Py, Py, and Py, respectively. To verify that the variance-covariance
of A, B, and C is positive definite it is sufficient to observe that it is
impossible to find constants ¢4, c3, ca, ¢4 such that

PriccA+ B +esC=c)=1
{Wilks, 1962, section 3.5.1). We must assume, however, that Py < 1.
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Finally, we omit the tedious algebra and merely state that, in general,
g # 0 and exists for some neighborhood of P,,, Pis and Po:. However, it
is necessary to assume that r # % and that Py, + Py, # % since other-
wise g,° does not exist due to division by zero.

Modification one of the Goodman-Kruskal model. In this section we
describe the first of two modifications of the Goodman-Kruskal model.
We bring about this modification by altering the definition of x; and x..
In particular, we assume that the probability of not knowing either item
1 or item 2 yet getting it right is zero, and so we define x, as the
probability of getting item 1 wrong given that the examinee knows the
answer. This assumption appeatrs to be appropriate when guessing is
essentially ruled out by the nature of the item, which can be true for
completion items. The parameter x. denotes the comparable probability
for item 2. The parameter k retains its earlier meaning. The resulting
fourfold table of probabilities is given in Table 2.

Table 2
Item 2
1 ¢
1 k(1 — x1)(1 - Xz) k(1 - X )xz k(1 - x4)
Ttem 1
0 kX1(1—xz) kx1x2+1—k kx|+l—k
k(1 — x3) kx,+1—k 1

Solving for x,, x, and k in terms of Py, j =0, 1) we have: x,
=Py,/P,, x2=1—(P,./P,)=P/P,, k=P.P /P, where P
= P,, + P, and P, = P,, + P,,. Notice that P ,P, must be less than P,
for the model to hold since otherwise k, a proportion, is greater than
one. Applying the theorem by Zehna we have that &, = (¢/n)/((a + ¢)/n)
=c/{a +c), fo=1—-f{a/(a+b)=>b/a+b), k= ((a +ec)a)
- {(a + b)/n) are MLE's of x,, x, and k, respectively, where a, b, ¢, and
d are the observed frequencies.

We do not give the exact probability density functions of 2, £, or k
since, at this time, we believe that such information would be of little
practical use. It should be mentioned, however, that £,, £, and k are all
asymptotically normally distributed.

Modification two of the Goodman-Kruskal model. In the second
modification of the Goodman-Kruskal model, we assume that the
probability of getting an item wrong given that the examinee knows the
answer is zero. In contrast to the first modification, we assume that the
probability of not knowing the answer to item 1 yet getting it right 1s
greater than zero, and so we define x, as the probability of getting item 1
right given that the examinee does not know the answer. The parameter
x, denotes the comparable probability of item 2. The fourfold table of
probabilities is:
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Item 2
1 0
1 k + (1 - k)x|xz (l - k)xl(l - xz) k+ (1 - kh’!

Item!1 0 (1—-kX1—xx, {(1-kX1-—x) {(1-kX1—x,)
Al —x)

k+{(1-kkx, {(1-kM1—x3) 1

Solving for x,, x, and k we have x, =P,/P,, x:=Po/P, k
=1 = (P oPy./Py) where P o = P,y +Pyy and Ps_ = P,, + P,,. The theo-
rem by Zehna implies that £, =b/(b+d), 2,=c/(d+¢), k=1-
{(c + d)/d)(b + d)/n) are MLE’s of x,, x,, and k respectively. As was
the case for the two earlier models, X,, X;, and K are consistent,
probably biased, and asymptotically normal.

Note on estimation. Preliminary trials of the methods of estimating
X4, X2, and k have been made with data for algebra items administered
to high school students. In a number of instances inadmissible values
were secured for the estimate assuming the Goodman-Kruskal model.
These inadmissible values appeared to be a function of the instructional
history of the examinees, and/or the assumptions of the particular model
used {(modification one of the Goodman-Kruskal model appeared to be
more appropriate for the test items used), and/or of sampling fluctua-
tions in the data.

Another estimation method known as STEPIT (Chandler, 1969)
estimates a set of parameter values which fit a model to data, with the
model not required to be linear or approximately linear in the param-
eters. STEPIT was employed for several of the data sets (two-by-two
tables) for which inadmissible values had been secured from the MLE's,
and gave real valued, reasonable estimates. STEPIT was also employed
for several data sets for which the MLE’s were reasonable, and it was
found that the STEPIT estimates were essentially identical to the MLE's,
Apparently the analytic solutions, when they are admissible, are ‘‘cor-
rect” in that an ad hoc procedure which capitalizes on the idiosyn-
cracies of the particular set of data gives essentially the same solution.
It also seems likely that this STEPIT procedure can give admissible
solutions when the analytic one is unsatisfactory.

Table of Symbols

P,, = The probability that a randomly chosen examinee answers both test items
correctly,

P,, = The probability that a randomly chosen examinee gives a correct-incorrect
response.

Py, = The probability that a randomly chosen ¢xaminee gives an incorrect-correct
response.
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Py, = The probability that a randomly chosen examinee gives an incorrect
response to both test items,

k = The population parameter denoting the proportion of examinees who know
the answer to both test items.

A = The random variable that corresponds to the number of examinees who
answer both test items correctly.

a = The value of the random variable A which is observed for a particular
sample of examinees. That is, a is the number of examinees who answer the
test item correctly on both occasions.

B = The random variable corresponding to the number of examinees giving a
correct-incorrect response to the test item pair.

b = The value of the random variable B. Equivalently, b is the observed number
of examinees giving a correct-incorrect response for a particular sample
of examinees.

C = The random variable corresponding to the number of examinees who give
an incorrect-correct response.

¢ = The observed value of the random variable C.

D = The random variable corresponding to the number of examinees who give
- an incorrect-incorrect response.,

d = The observed value of the random variable D.

x, = The population parameter denoting the probability of an inappropriate
response to test item one. The definition of an inappropriate response
depends on which model is assumed.

x. = The population parameter denoting the probability of an imappropriate
response to item two. The definition of an inappropriate response depends
on which model is assumed.

Py, —P P,
1 — 2(Pss + Puoy)
8 = An arbitrary population parameter.
_A/m) - A+ B)/n)(A + C)/n)
- 1 - 2(B + C)/n)

a distinction between the value of R, 7, and the parameter.

o

. The symbol “~"* was used in order to make

# = The observed value of the random variable R.1tis alsoa MLE of r.
K=%1-—-4R")
£ = The observed value of K that is used to estimate k.
- (A + B)/n)— 1
X, =p-————T
21— 4&)11:

#, = The observed value of the random variable X, that is used to estimate the
parameter x;.



Chapter 6
ABSTRACTS OF SELECTED JOURNAL ARTICLES

Andrea Pastorok Pearlman

Articles judged to be related to the material presented in this monograph
were abstracted from the following journals:
American Educational Research Journal, 1968 through 1975
Educational and Psychelogical Measurement, 1968 through 1975
Journal of Educational Measurement, 1964 through 1975
The articles abstracted here do not appear in the list of references cited,
nor in the fist of additional references. The list of additional references
is primarily a selected list of references cited by the authors of the
articles in this section.

Anderson, T. H. Cloze measures as indices of achievement compre-
hension when learning from extended prose. Jowrnal of Educa-
tional Measurement, 1974, 11, 83-92.

Two experiments were conducted to test the hypothesis that cloze measures are
a function of content achievement among adult learners. Given that this propo-
sition is true, cloze measures should be sensitive to instructional treatments and
should respond in a pattern similar to other indices of achievement.

The following five achievement tests were constructed and administered to
college juniors and seniors:

1) a 20 item multiple-choice test

2) a reproduction passage cloze test

3) a recognition passage cloze test

4) a reproduction summary cloze test

5) a recognition summary cloze test

All tests showed significant differences between pre-and post conditions, and
between recognition and reproduction modes. These results lend strong support
to the proposition that cloze measures can serve as indices of achievement.

As indicated by a «?® statistic, the reproduction summary cloze test was
found to be the most sensitive to instructional treatment on pre-post measures,
and the reproduction passage cloze was found to be the least sensitive.

An important finding was the failure of the summary cloze to decrease
significantly over the delay interval, while the cloze scores on the passage and on
the multiple-choice test decreased to such a level that they were not significantly
different from preinstruction scores. This suggests that the outline of the set of
instructional materials was well retained after 2 month’s delay, even though many
of the details were not retrievable.

Anderson concludes that cloze measures are psychometrically similar to those
from a geod multiple-choice test when assessing pre and post instruction
differences in achievement comprehension. This suggests that equivalent forms of
comprehension achievement tests can be constructed by the cloze method.

77
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Baker, E. L. The effects of manipulated item-writing constraints on the
homogeneity of test items. Journal of Educational Measurement,
1971, &, 305-309.

The purpose of this study was to determine the effect of using several options
on the relative homogeneity of the produced test items. The four conditions for
writing test items were:

a) general objective

b) behavioral objective

¢) behavioral objective plus test item

d) behavioral objective plus item-form
Two tests, one in current events and one in subtraction, were constructed by
selecting four items generated from each of the four experimental conditions.
These tests were administered to 51 seventh graders in Los Angeles. The expected
tendencies toward greater homogeneity among items produced under the three
conditions employing behaviora! objectives were not found in this study. Homo-
geneity was measured in terms of interitem correlations (phi coefficients) which
were averaged using the r to z transformation.

Baker, F. B. Origins of the item parameters Xs» and  as a modern item
analysis technique. Journal of Educational Measurement, 1965, 2,
167-180.

The purpose of this paper is to bring together the developments relevant to the
curve fitting methods of item analysis. The approach is to present the develop-
ments in essentially chronological order from its inception in the Binet studies
to its modern implementation on digital computers.

The author points out that the modern digital computer has freed us from
nearly all constraints due to data processing or computation associated with item
analysis, therefore we should not continue to operate under yesterday's limita-
tions. He notes that despite Lawley's paper showing that mental test theory
should begin with the specification of the characteristics of the items within an
instrument and that subsequent theory should be buiit upon the item parameters,
most of the current mental test theory begins with the test score and ignores
the underlying composition of that score. Baker concludes that full advantage
of the technological advances can be made only when modemn item analysis
techniques become an integral part of the total process of test development.

Barcikowski, R. S. The effects of item discrimination on the standard
errors of estimate associated with item-examinee sampling pro-
cedures. Educational and Psychological Measurement, 1974, 34,
231-237.

A Monte Carlo study was conducted using item-examinee sampling procedures
to examine the standard error of estimate for a given test's mean and variance.
The main variables considered wete test length, item difficulty, and item dis-
crimination. The results indicate that optimal estimates, i.e., smallest standard
error, of both mean and variance from a single item-examinee sampling plan
may not be possible.
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Barcikowski, R. §. A Monte Carlo study of item sampling {versus tra-
ditional sampling) for norm construction. Journal of Educational
Measurement, 1972, 9, 209-214,

Using a computer-based model of an item trace line, a random sampling
experiment concerned with comparing item sampling estimates to traditional
(examinee) sample estimates of the mean and variance of the distribution of test
scores was conducted.

Item sampling and traditional sampling were studied with large numbers of
simulated subjects across several different types of tests (e.g., tests having
different combinations of item difficulties and biserial correlations). The resuits
indicate that the optimal method for estimating a test’s parameters may depend
on several conditions. Under all conditions, item sampling proved superior to
traditional sampling in estimating population test means. However, with ceriain
test lengths, ranges of item difficulty, and discrimination, traditional sampling
provided better estimates of test variance than did item sampling.

These results indicate that in deciding on the data-gathering design to be used
in seeking norm information, attention should be given to item characteristics
and test length with particular attention paid to the range of biserial correiations
between item response and ability.

Baskin, D. A configuration-scoﬁng paradigm for identical raw scores.
Journal of Educational Measurement, 1975, 12, 3-5.

Traditional test-scoring does not allow the examination of differences among
subjects obtaining identical raw scores on the same test. The author develops
and illustrates a configuration-scoring paradigm which minimizes the number of
digits needed to report configuration-scores, while simultaneously providing a
numerical basis upon which to compare characteristics of subjects having iden-
tical raw scores.

Beck, M. D. Achievement test reliability as a functien of pupil-response
procedures. Journal of Educational Measurement, 1974, 11, 109-
‘114,

The present study was designed in part to assess the differential effect of two
pupil response procedures on Metropolitan Achievement Tests scores of third
and fourth prade pupils. Results indicate that the reliability of scores is not
significantly altered when pupils respond to achievement test items on separate
answer folders rather than directly in their test bocklets.

Board, C. & Whitney, D. R. The effect of selected poor item-writing
practices on test difficalty, reliability and validity. Journal of Educa-
tional Measurement, 1972, 9, 225-233.

The major purpose of this study was to investigate the effect of selected poor
item-writing practices on test difficulty, reliability and validity.

Within the limitations of this study, the authors believe that the following
conclusions are warranted:



80 ACHIEVEMENT TEST ITEMS—METHODS OF STUDY

1) “Window dressing” or extraneous material in item stems makes the test
items easier for poor students but more difficult for better students. There is
little overall effect on test ditficulty. Presence of this flaw reduces the internal
consistency of the test.

2) Incomplete stems meke the test items more difficult for most students.
Presence of this flaw reduces the internal consistency of the test.

3) Using a keyed response which differs in tength from the distractors does not
make test items less difficult. Poor students gain more from this flaw, however,
than do good students. Presence of this flaw reduces both the internal consistency
and validity of the test.

4) Grammatical consistency between stem and keyed response does not have
a major effect on test difficulty. Presence of this flaw, however, reduces the
validity of the test.

The authors recommend that future studies of item-writing practices in-
corporate achievement as a blocking or control variable because of the presence
of interaction effects in this study. At least for the principles studies here, the
authors contend that poor item-writing practices serve to obscure {(or attenuate)
differences between good and poor students—chiefly by making the latter look
more like the former than their scores on “error-free” tests would suggest.

Bormuth, J. R. Cloze test readability: Criterion reference scores. Journal
of Educational Measurement, 1968, 5, 189-196.

The purpose of this study was to establish a set of criterion scores for cloze
readability tests which would be comparable to the criterion scores used with oral
reading tests employed to measure the readability of passages. A secondary
purpose was to determine the extent of correlation between passage difficulties
determined using cloze tests and those determined using comprehension and
word recognition tests.

The following conclusions were made:

1) The cloze scores comparable to the comprehension criterion scores of 75%
and 90% were about 44% and 57%, respectively, on the tests used in this study.
These cloze scores probably do not differ greatly from those that would have been
obtained had the comprehension tests been written by another author following
the same item-writing rules. )

2) The cloze scores comparable to the ward recognition criterion scores of 95%
and 98% were about 33% and 54%, respectively.

3) There were large differences between the cloze criterion scores obtained
when comprehension scores were used as the criterion and those obtained when
word recognition scores were used as the criterion. This constitutes grounds for
suspecting that, contrary to tradition, the word recognition and comprehension
criterion scores are not comparable.

4) Cloze tests seem to be highly valid measures of passage difficulty. Passage
difficulties determined using cloze tests exhibited correlations ranging from 90
to .96 with passage difficulties determined using comprehension and word
recognition tests.

Bowers, J. A note on Gaylord's “Estimating test reliability from the test-
item correlations.” Educational and Psychological Measurement, 1971,
31, 427-429.
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The author examined the algebraic consistency of Guilford's reliability formula
which Gaylord (Educational and Psychological Measurement, 1969, 29, 303-304)
demonstrated. Guilford’s formula is shown to be erroneous. The author noted
that Kuder-Richardson reliabilities depend on item inter-correlations.

Brandenburg, D. C. & Whitney, D. R. Matched pair true-false scoring:
Effect on reliability and validity. Jowrnal of Educational Measure-
ment, 1972, 9, 297-302.

The matched pair technique for writing and scoring true-false (T-F) items
was designed to compensate for the acquiescence response (responding affirma-
tively when in doubt about an answer) of primary school children. The Primary
Test of Economic Understanding (PTEU) was designed to be scored using the
matched pair procedure.

Five scoring methods were used:

1) Traditional—one point was given for each correct response.

2) Matched pair scoring—items were written in pairs of one T and one F
on the same concept. Credit was given only if the student answered both
correctly. .

3) Random matched pairs—one item was selected at random from the T
items and one item was sefected at random from the F items.

4) Modified matched pairscoring—two points were given for correctly answer-
ing both members of an item pair (like Method 2) but also one point was awarded
for answering the false item correctly.

S) Differential credit was given-for correct T and F {4/3 point for correct
false; 2/3 point for correct T).

Results )

Alpha coefficients for each of the five methods were computed. Median aiphas
suggest that Methods 2 and 4 were more internally consistent than traditional
scoring.

To test for concurrent validity, product momént correlations between scores
arising from each scoring method and selected lowa Tests of Basic Skills (ITBS)
standard scores were computed. Contraty {o expectation, the correlations of
traditional and matched pair scores with ITBS subtests (when adjusted for differ-
ing reliabilities) were approximately equal.

The authors conclude that although matched pair scoring does offer a way of
increasing internal consistency of scores arising from T-F tests, it seems unlikely
that the gains were accomplished by reducing the acquiescence set.

Brennan, R. L. A generalized upper-lower item discrimination index.
Educational and Psychological Measurement, 1972, 32, 289-303.

In the first section of this paper the author discussed a rationale for upper-
lower types of discrimination indices and the relationship between this rationale
and ihe discrimination index D. Although Brennan considers the D index to be
useful, he notes that the necessity for using equal numbers of observations in
the upper and lower groups seems overly restrictive. He points out that in the
case of mastery tests, criterion-referenced tests and many teacher-made tests,
the expectation is that most of the students will get most of the items correct
yielding a distribution of test scores that is negatively skewed. Brennan developed
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a new upper-lower discrimination index called B that allows for the use of
unequal n's in the upper and lower groups, thereby giving the evaluator the
freedom to choose appropriate cut-off points between these groups. The exact
distribution of the index is determined under the null hypothesis B = (.

Brennan states that for norm-referenced tests, nondiscriminating items and
negatively discriminating items are usually unacceptable, while positively dis-
criminating items are acceptable. For criterion-referenced tests, the interpreta-
tion of discrimination indices needs to be modified. According to Brennan,
the ideal item in the criterion-referenced testing situation is the item with a
nonsignificant discrimination index and a high difficulty level; items that dis-
criminate negatively are clearly unacceptable; and items that discriminate
positively usually indicate a need for revision.

Brennan, R. L. The calculation of reliability from a split-plot factorial
design. Educational and Psychological Measurement, 1975, 35,
779-788.

This paper treats the question, “"How should one estimate the reliability of
schools (or classrooms)?” The author reviews the use of variance components in
the estimation of reliability (or generalizability} coefficients in a split-plot fae-
torial design (SPF) with persons nested within schools.

Through the use of variance components from the SPF design, he derives
estimates of reliability for schools and for persons within schools. He then
compares the reliability for persons within schools from a SPF design with the
reliability for persons from a randomized block design. Finally, he compares the
reliability for schools from a SPF design with the reliability for school means
from a randomized block design.

Burnett, J. D. Parallel Measurements and the Spearman-Brown for-
mula. Educational and Psychological Measurement, 1974, 34, 785~
788.

The author reviews the general use of the Spearman-Brown formula for calcu-
lating the reliability of parallel tests with different lengths. Three uses of it
"are presented:

1) to calculate the reliability of a lengthened or shortened test,

2) to facilitate comparison among parallel tests of different lengths with
different reliabilities by converting all the tests to an hypothesized length,

3) to calculate how many items are necessary to add to a test to raise the
test's reliability to a specified level.

The author emphasizes the necessity of meeting the assumption that the
component tests be parallel. The property that the parallel tests be non-negatively
correlated is derived. He concludes that one should pay close attention to the
theory underlying an analysis.

Carver, R. P. A model for using the final examination as a measure
of the amount learned in classroom learning. Journal of Educational
Measurement, 1969, 6, 59-08.

A student’s score on the final examination in a classroom learning situation
does not necessarily represent the amount learned during the course. Various
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measures of gain have been advanced to measure the amount learned, but all
have subsequently been found inadequate. It is hypothesized that the relationship
between test scores and knowledge is curvilinear. A rationale is presented for
the curvilinear nature of the posited relationship and for the fit of the model to
classroom learning. From hypothetical data conforming to the model expressed
in a mathematical formula, it was shown that it is possible for the final examina-
tion to be the best indicant of amount learned, even though individuals are not
equal in proficiency at the beginning of the learning task. Based upon several
considerations it was concluded that, at present, the best indicant of amount
learned in many classroom situations is the final examination.

Carver, R. P. Analysis of “chunked” test items as measures of reading
and listening comprehension. Journal of Educational Measurement,
1970, 7, 141-150.

The “chunked” type of test item was developed which required S's to recognize
groups of words whose meaning had been changed from that in the original
reading or listening passage. The “‘chunked” type of item requires the deletion
of groups of words from the original passage whereas the cloze item deletes
simple words.

Results of the first study indicate that the three comprehension measures—
muitiple-choice comprehension, chunked comprehension, and chunked accuracy
—correlated approximately equally with the various tests of intelligence, apti-
tude, listening and reading. Individual differences on the chunked reading test
were found to correlate .68 with a multiple-choice alternate form.

In a second study, data indicate that both “chunked” tests and multiple choice
tests are sensitive to within individual decrements in comprehension with an
increase in the speed of speech.

Results from both studies are cited to provide evidence for the validity of
the chunked items as measures of comprehension. However, the author contends
that other results suggest that the chunked items may be less dependent upon
grammatical and vocabulary knowledged and more sensitive to within individual
changes in comprehension as compared to the traditional multiple-choice
question.

Carver, R. P. Rejoinder to Knapp's note. Journal of Educational Meas-
urement, 1970, 7, 52.

This article, a rejoinder to Knapp's note, deals with the problem of measuring
gain.

Although the expression cited by Knapp Va—i —Vn—f)is the way to
calculate amount learned within the confines of the specific mathematical formu-
las presented by Carver, the opinion was expressed that f (final test score)
would remain one of the best indicants of amount learned under other hypothe-
sized curvilinear models,

Cleary, T. A. & Linn, R. L. A note on the relative sizes of the
standard errors of two reliability estimates. Journal of Educational
Measurement, 1969, 6, 25-27.
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Formulas for the standard error of paraliel-test correlation and for the Kuder-
Richardson formula 20 reliability estimate are provided. Given equal values of the
two reliabilities in the population, the standard error of the Kudar-Richardson
formula 20 is shown to be somewhat smaller than the standard error of a
parallel-test correlation for reliability values, sample sizes, and test lengths that
are usually encountered in practice.

Collett, L. S. Elimination scoring: An empirical evaluation. Journal of
FEducational Measurement, 1971, 8, 209-214,

The purpose of this investigation was to compare experimentally the reliabil-
ities ang validities of three techniques for scering multiple-choice tests:

a) classical (C)

b} weighted choice (W)

¢) elimination (E) (the elimination score is the number of incorrect options
eliminated minus {(k — 1) for each correct answer eliminated, where k is the
number of options per item.)

Specific Hypotheses:

1) Reliability. The error in predicting X, from X, will be smaller under the
E method than under C or W methods,

2) Criterion-Related Validity. The error of predicting Y scores from the
summed X scores will be smaller under E than under C or W methods.

It was observed that both r's and SE’s obtained in predicting X, from X,
ranked ECW from best to worst.

It was observed that the pattern of r's and SE’s obtained from the prediction
of ¥ scores from the summed treatment scores (X, + X,) was similar to that
obtained in the reliability prediction: the treatments ranked ECW from best to
worst in both cases. The results of the planned comparisons supported the
hypothesis supetiority of the £ method for both the E vs. € comparison and for
the E vs. W However, the SE’s for C and W were not significantly different.

Cox, R. C. Hem selection techniques and evaluation of instructional
objectives. Journal of Educational Measurement, 1965, 2, 181-185.

The major conclusions of this study are:

1) Statistical selection of items from the total item pool has a biasing effect
on the selected tests. The proportion of items in the selected tests which measure
certain instructional objectives is unlike the proportion of items in the total item
pool which measures the same objectives. The sclected tests are not representative
of the total item pool in this respect.

2) Statistical selection of items from the total item pool operates differentially
for male and female groups. When the statistical data obtained from the female
tryout group is used to select tests from the total item pool, the results differ
from those obtained using the male tryout group. The structure of the selected
iests, as indicated by the taxonomical structure of the items, differs for the male
and female groups.

Cox, R. C. & Sterrett, B. G. A model for increasing the meaning of
standardized test scores. Journal of Educational Measurement,
1970, 7, 227-228.
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The authors propose a method for obtaining criterion-referenced information
from standardized tests. The model included:

a) a precise description of curriculum objectives and a definition of pupil
achievement in relation to these objectives,

b) the coding of each standardized test item with reference to the curriculum,

c) the assignment of two scores to each pupil, one reflecting his achievement
on ttems that test content to which he has been exposed, the other his achieve-
ment on items that test content beyond his present status in the curriculum
or not represented in the curriculum at all.

Crawford, C. R. Item difficulty as related to the complexity of intellec-
tual processes. Journal of Educational Measurement, 1968, 5,
103-107.

Inteliectual processes defined in both Bloom's (1954) taxonomy and by the
Committee on Student Appraisal (1962) are considered to be hierarchical.
Because of this hierarchical principle, it has been argued that items measuring
the more complex processes are, by their very nature, more difficalt than items
measuring the less complex processes.

The purpose of this study was to investigate the relationship between item
difficulty and complexity of intellectual processes presumably measured by
multiple-choice items when knowledge is not held constant.

The results indicate that the order of difficulty level was, in every analysis
except one, statistically different from the order of complexity. This suggests that
there is not necessarily a direct relationship between the complexity of inteilectual
processes and the difficulty of items which purportedly measure them. This
finding is consistent with Guttman's [In Lazarsfeld (Ed.}, Mathematical thinking
in the social sciences, Glencoe, Ill.: Free Press, 1954, p. 283] statement:

There is some danger of confusing the notion of degree of complexity with
that of difficulty. If we say that subtraction is more complex than addition,
we do not mean by this that subtraction is necessarily more difficult than
addition. Complexity and difficulty have no necessary connection with each
other in our theory.

Crehan, K. D. Item analysis for teacher-made mastery tests. Journal of
Educational Measurement, 1974, 11, 255-262.

The focus of this study is on item selection for teacher-made mastery tests.
The author questions whether teacher-made tests resulting from various item
selection techniques differ when evaluated by appropriate methods of estimating
criterion-referenced reliability and validity.

Crehan adopted Carver’s concept of equivalence as the reliability eriterion for
his study. The validity standard (which reflects the degree to which the test
score discriminates between a group of ‘‘masters” and ““nonmasters”) was derived
from item responses obtained from independent groups of instructed and non-
instructed students. The author identifies passing score as the cut score which
maximized estimated validity.

Six item techniques are compared.

Eighteen volunteer junior and senior high school teachers wrote behavioral
objectives and parallel items for each of the original items. The entire pool of
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items was administered to two classes before and after instruction and to two
other classes only after instruction.

Pair of tests developed by each of the six methods were derived. Estimates of
test reliability and validity were obtained using responses independent of the test
construction sample.

No specific selection method resulted in consistently higher reliability rankings;
but the modified Brennan and Cox-Vargas methods consistently resulted in
higher observed validity rankings.

The author notes that generalizations of this study are limited because of
nonrandom cbservations. However, the author assumes that criteria employed for
reliability and validity are appropriate for evaluation of teacher-made mastery
tests. Crehan questioned whether the magnitude of improvement in test validity
of objective item selection over teacher selection is worth the necessary effort on
the part of the teacher.

Cureton, E. E. Reliability of multipie-choice tests is the proportion of
variance which is true variance. Educaetional and Psychological
Measurement, 1971, 31, 827-829.

Frary {Educational and Psychological Measurement, 1969, 2%, 359-365)
presented an analysis which seemed to show that classical weak true-score
theory does not apply to multiple-choice tests. Cureton showed that the difficulty
with Frary's derivation is that the guessing score is not separated into a true
component and an error component.

Cureton, E. E. The stability coefficient. Educational and Psychological
Measurement, 1971, 31, 45-55.

The author noted that the formula he previously presented (Educational and
Psychologicel Measurement, 1958, 18, 715-738 and Educational and Psychologi-
cal Measurement, 1965, 25, 327-346) for the stability coefficient was essentially
the same formula given by Remmers and Whistler (Journal of Educational Psy-
chology, 1938, 29, 81-92). Although the formula is correct, both his derivation
and the one given by Remmers and Whistler were slightly defective. A derivation
which the author believes to be more nearly correct was presented in this paper
together with some further discussion.

Darlington, R. B. Some techniques for maximizing a test’s validity when
the criterion variable is unobserved. Journal of Educational Mea-
surement, 1970, 7, 1-14.,

A set of techniques is presented for constructing a test or test battery which
can be inferred to correlate as highly as possible with a hypothetical construct
which is named but not measured directly. Use of the techniques requires the
tesi constructor to describe the nature of the construct indirectly, by estimating
the relative sizes of the construct’s correlations with several observable variables
which the test constructor has selected. Techniques are alse described for esti-
mating the validity of a test constructed by these methods.
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Diamond, J. J. A preliminary study of the reliability and validity of a
scoring procedure based upon confidence and partial information.
Journal of Educational Measurement, 1975, 12, 129-133.

This investigation concerns the estimation of the reliability and validity of
scores yielded from a scoring procedure based upon confidence and partial
information. The author reports that the overall result obtained from this study
is that the experimenta! scoring procedure yields scores that, descriptively, are
slightly more reliable than an inferred number-right score, but not necessarily
more valid. He suggests that this experimental scoring procedure be investigated
further.

Diederich, P. B. Shortcut item-test correlations for teacher-made tests.
Journal of Educational Measurement, 1970, 7, 43-44.

In the range of differences commonly found on teacher-made tests, the item-
test correlation is approximately equal to the difference between percents cotrect
in high and low groups, each inciuding 27 percent of the students tested.

The author contends that with the smail number of cases available to teachers,
they would be well advised to round their item-test correlations to the nearest
tenth. By doing this, there is no discrepancy between them and the high-low
differences in percent correct throughout this range.

Ebel, R. L. Blind guessing on objective achievement tests. Journal of
Educational Measurement, 1968, 5, 321-325.

The purpose of this study is to determine whether or not students guessed
blindly on objective tests in a course in measurement. The results seem to support
the following conclusions regarding guessing on classroom tests of the kind
studied, given under the conditions in this study:

1) Students do relatively little blind guessing on such tests. (The proportion
of responses reported to be guesses ranged from 3% to 8%.)

2) Responses reported to be no better than blind guesses are very little better.
(The percent of reported guesses that were correct ranged from 52% to 56%.)

3) Students seeking highest scores on a test are well advised to answer all
guestions even when the usual correction for guessing is applied. (Their blind
guesses to true-false items tend to be correct more than half of the time.)

4) The distributions of guesses among students and among test items are
skewed. (A few students report most of the blind guessing. A few items draw
most of the blind guesses.)

5) Poor students report slightly more guessing than do students as a whole.

6) Difficult items attract considerably more guesses than do items as a whole.

Ebel, R. L. Can teachers write good true-false test items? Journal of
Educational Measurement, 1975, 12, 31-35.

True-false achievement test items written by classroom teachers show about
two-thirds of the discrimination of their multiple-choice test items. This is about
what would be expected in view of higher probability of chance success on the
true-false items. However, at least half again as many true-false items as multiple
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choice items can be answered comfortably in the same period of time. Thus the
larger number of true-false items compensates for the lower discriminating power
of the individual items.

The data of this study support the belief that in the hands of typical classroom
teachers, the two item forms can be expected to give approximately equal
reliabilities for tests that require equal completion time,

Ebel, R. L. Confidence weighting and test reliability. Journal of Educa-
tional Measurement, 1965, 2, 49-57.

The result of some hypothetical studies suggest that confidence weighting
can be effective if the more capable students are also more discriminating
than less capable students in choosing which responses to give confidently, But
the results of recent experimental studies suggest that sometimes the more
capable students are not much more successful than their less capable classmates
in deciding when to answer confidently and when to answer cautiously.

It is noted that general aftitudes of confidence or caution, uncorrelated or
almost uncorrelated with competence, may be potent factors affecting a student’s
confidence weighted score on a test. To neutralize the possibly irrelevant in-
fluence of this personality trait, the author proposes to specify in advance, and
identically for all students, the proportion of answers that can be, and must be,
given confidently, Then, correctness of judgment as to where confidence shouid
be placed, and correctness of the actual answers given, will be the only factors
affecting the examinee’s test score.

Ebel, R. L. Some measurement problems in a national assessment of
educational progress. Journal of Educational Measurement, 1966,
3,11-17.

In this article, the following points are advanced by Ebel.

1) Valid educational assessment must be based on a valid conception of the
nature of educational achievement.

2) In general, it is more valid to conceive of educational achievement as the
acquisition of specific elements of usable knowledge than as the culmination of
general mental abilities.

3) Statements of general objectives often contribute little to the determination
of test specifics that are crucial to test quality.

4) Expert advisory panels ought to spend most of their time and energy
specifying the populations of knowledge elements that the test items will sample.

5) Any complex achievement can be assessed validly by testing separately
the elements of knowledge that make it possible.

6) For measuring educational achievement, simple items are usually more
efficient and more discriminating than complex items.

7) While it is proper to include items in the assessment instruments which
do not discriminate within sub-groups, it is not wise to disregard more appro-
priate indices of discrimination in revising and selecting items.

8) To obtain an unbiased picture of how much students are learning of what
they are supposed to learn, the test constructors should not select items on the
basis of their difficulty indices.
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Ebel, R. L. The relation of item discrimination to test reliability. Journal
of Educational Measurement, 1967, 3, 125-128.

In this paper, Ebel maintains that in order to achieve high reliability in a test
with a given number of items, one must write or select items thai are high in
discrimination as measured by D, the upper-level index of discrimination. Data
are presented to support this position.

Ebel, R. L. The value of internal consistency in classroom examinations.
Journal of Educational Measurement, 1968, 5, 71-73.

The question discussed in this article is, “Is internal consistency more valuable
in a test used for prediction than in one used for assessment?"” Ebel notes that
Horn believes that it is. He quotes Horn (Jourral of Educational Measurement,
1966, 3, 293-5) on this point,

If a test representatively covers the areas which experts say should be
covered (in a bar exam, for example), it makes no difference if the internal
consistency reliability is zero, if the test has no variance or if the distribu-
tion of scores has a poor form.

Ebel disagrees with this statement of Horn's and asks: If a bar exam yields
scores of no variance, what useful purpose does it serve?

Ebel maintains that moderately high internal consistency in assessment devices
should be both expected and sought. It should be sought, he claims, because
internal consistency tends to insure reliability and, he asserts that in the majority
of cases the usefulness of a test score depends on its reliability, regardiess of
whether the test was intended for assessment or prediction. Ebel gives the follow-
ing definition of reliability: '

Theoretically, reliability is the ratio of true score variance to obtained score
variance; operationally, it is the correlation between measurements of the same
characteristic obtained from equivalent but independent operations. Reliability of
this kind should never be defined as internal consistency, though it may often
be estimated by a measure of internal consistency, In principle, a test that is
perfectly reliable in the variance-ratio sense or in the correlation of equivalent
measurements sense may have zero-internal consistency. But in practice, and in
most situations, measutes of internal consistency actually do give reasonably good
estimates of reliability.

Ebel states that the causes of low internal consistency in classroom tests are
often faults in the test items, with the most common faults being ambiguity,
indefensibility (of the keyed response), or inappropriateness in difficulty. These
are also frequent causes of low reliability. The rejection or revision of such
faulty items thus tends to improve both internal consistency and reliability.

The sum of Ebel’s argument is that reliability is just as necessary for assess-
ment as for prediction, and that internal consistency estimates of reliability are
equally useful in both cases. While he recognizes a difference between the use of
test scores for assessment or for prediction, he sees no corresponding charae-
teristic difference between the devices used for these two purposes.

Ebel, R. L. Why is a longer test usually a more reliable test? Educa-
tional and Psychological Measurement, 1972, 32, 249-253,
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Ebel states that one of the best known properties of the tests commonly used
in educational and psychological measurement is that the longer they are, the
more reliable are the scores they yield. The explanation for this is given on the
basis of two relations:

1) The true component of a score is proportional to the number of equivalent
elements that contribute to it.

2) The error component of a score is proportional to the square root of the
number of equivalent elements that contribute to it.

The credibility of these two propositions is supported. In view of this, it can
be seen that increasing test length increases the true score variance more rapidly
than it increases the error variance.

The two propositions are then related to the Spearman-Brown formula. Ebel
notes that the differential relations of true scores and errors of measurement to
the number of items in a test were pointed out by Gulliksen in 1950.

Emrick, J. A. An evaluation model for mastery testing. Journal of
Educational Measurement, 1971, &, 321-326.

The desirability of criterion-referenced test procedures is noted and an eval-
uation model based on the following assumptions is presented.

1) The learning of fundamental skills can be considered all or none.

2) Within a single skill test, each item response provides an unbiased estimate
of the examinee’s mastery status with respect to that skill.

3) Measurement error for a given examinee on a single skill can be of only one
type, a or fi.

4) Measurement error occurring on the test can be approximated by calculat-
ing the average interitem correlation, The ¢ represents the correlation on the item
level, and the square of it is the expression for item reliability on a single
skill mastery test. $ = (1 —a — f8)/V (1 ~ (a — B

5} Due to the presence of some measurement error, decision errors will accrue
regarding determination of examinee status on the skills being measured. A
decision-theoretic approach to this problem suggests that regret due to these
evaluation errors can be minimized through a cost-benefit analysis of the vari-
ables which comprise the evaluative process.

The resultant mastery criteria algorithm is:

_ log (8/(1 — a)) + 1/n{log RR}
log af/{(1 — a)}1 — B))

where K = the cut point expressed as a percent score on the test
o = estimated probability of Type 1 item error
f = estimated probability of Type II item error
RR = Raiio of Regret of Type II to Type I decision errors
n = test length (number of items).

Evans, F. R. & Pike, L. W. The effects of instruction for three
mathematics item formats. Journal of Educational Measurement,
1973, 10, 257-272.
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The authors developed three different instructional programs for three mathe-
matics aptitude item formats to determine the relative susceptibility of each to
special instruction. The three item formats were part of the SAT mathematics
test. They inciude:

1) Quantitative Comparison (QC) item—presents the candidate with two
quantities, one in column A and the other in column B. The examinee's task is
to compare the magnitude of the two quantities and to mark A if the quantity
in column A is larger; B, if the quantity in column B is larger; C, if the quantities
are equal; or D, if there isn't enough information to determine the quantitative
relationship.

2) Data Sufficiency (DS) item—presents the candidate with a question fol-
lowed by two statements, labeled (1) and (2), in which certain data are given,
The examinee’s task is to decide whether the question can be answered by A,
(1) alone; B, (2} alone; C, (1) and (2) together; D, either (1) alone or (2)
alone; or E, neither statement alone nor by (1} and (2) together. (The authors
consider DS format to be the most complex.}

3) Regular Mathematics (RM) item—presents the candidate with a problem
and five possible solutions. He has to determine which is the correct solution.

The susceptibility of QC items to special instruction was of greatest interest
to the authors. The relative susceptibility of geometric & nongeometric items
within the three formats was of secondary interest.

Parallel test forms were constructed as pre- and post- measures, and the data
were analyzed in a two-way (treatment by sex) multivariate analysis of covariance.

Subjects were male and female high school junior volunteers in 12 schools.
In the seven weeks between a pre- and post-test, experimental S's received
21 hours of instruction for one of the three formais; control $'s received no
special instruction.

Results of the statistical analysis showed that each of the three item formats
was susceptible to the special instruction specifically directed toward it. The
complex or nove! item formats appeared to be more susceptible than the
relatively straightforward item format. Female volunteers were found to be
slightly less able mathematically at the outset and to benefit somewhat less from
- the instruction than male volunteers. Mean gains of nearly a full standard
deviation obtained by the groups instructed for the complex or novel formats were
considered to be of practical consequence and likely to influence admission
decisions. The results were consistent for all 12 schools. Although no group
received instruction for the SAT-M per se, substantial pre- to post-test gains on
that measure were also observed.

Finn, R. H. A note on estimating the reliability of categorical data.
Educational and Psychological Measurement, 1970, 30, 71-76.

The author gives examples of new methods for estimating the reliability of
categorical data.

Fleiss, J. L. & Cohen, J. The equivalence of weighted kappa and the
interclass correlation coefficient as measures of reliability. Educa-
tional and Psychological Measurement, 1973, 33, 613-619,
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For appraising reliability, kappa or weighted kappa are useful measures of
inter-rater agreement for categorical scales.

Kappa is the proportion of agreement corrected for chance, and scaled to vary
from —1 to +1 so that a negative value indicates poorer than chance agreement,
zero indicates exactly chance agreement, and a positive value indicates better
than chance agreement, with unity indicating perfect agreement. When the
investigator can specity the relative seriousness of each kind of disagreement, he
may employ weighted Kappa, the proportion of weighted agreement corrected
for chance.

This paper establishes the equivalence of weighted kappa with the intraclass
cortelation coefficient under general conditions (as opposed to the resiricted
conditions previously established by Cohen).

Weighted Kappa is defined by K, = (D. — D.)/D. where D, = mean of dis-
agreement expected by chance and D, = mean observed degree of disagreement.

This paper establishes 2 more general property of weighted kappa. Specifically,
that if v; = (i —f)? (where v, denotes the disagreement weight associated with
categories i and j), and if the categories are scaled so that the first category is
scored 1, the second category 2, etc. (which is valid only when the categories
may be ordered), then, irrespective of the marginal distributions, weighted kappa
is identical with the intraclass correlation coefficient in which the mean difference
between the raters is included as a component of variability.

The authors point out that the intraclass cotrelation coefficient is the special
case of weighted Kappa when the categories are equally spaced points along
one dimension.

Frisbie, D. A. Multiple choice versus true-false: A comparison of re-
liabilities and concurrent validities. Journal of Educational Mea-
surement, 1973, 10, 297-304.

The purpose of this study is to compare the reliabilities and concurrent
validities of multiple choice (MC) and true-false (TF) tests that were written
to measure understandings and relationships in the same content areas.

Multiple choice items from a widely used battery of achievement tests were
changed to true-false format using two different procedures.

1) Judgmental coversion method (J)—teachers judged the multiple choice
distractor for each item that appeared to be most plausible for making a false
statement with the stem.

2) Discrimination conversion method (D)—the distractor for each item with
the largest lower-upper difference was used to make a false statement with the
stem.

Kuder-Richardson formula 20 reliability coeffcients were computed. The re-
liabilities were then adjusted with thé Spearman-Brown formula. Fisher's Z-
transformation is not applied to the stepped up reliabilities (Lord discusses this
point in Journal of Educational Measurement, 1974, 11, 55-57). Results show
that the TF tests were significantly less reliable than the MC tests.

To compare the concurrent validity of the TF tests and the MC tests a Pearson
product-moment correlation coefficient was calculated between subtest scores for
each of the eight final test forms. the coefficients were corrected for attenua-
tion and the Forsyth & Feldt (1969) statistic was used to generate 90% con-
fidence intervals for the eight disattenuated coefficients. The hypothesis that the
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disattenuated correlation coefficient does not differ from unity was supported
in six of the eight cases.

Frisbie concludes that the TF test did tend to measure the same thing as the
corresponding MC test.

Frisbie, D. A. The effect of item format on reliability and validity: A
study of multiple choice and true-false achievement tests. Educa-
tional and Psychological Measurement, 1974, 34, 885-892.

The purposes of this study are:

1) to determine the concurrent validity of multiple-choice (MC) and em-
pirically-lengthened true-false (TF) tests,

2) to compare the reliabilities of MC and empirically lengthened TF tests,

3) to determine the number of MC and TF items subjects can attempt in a
fixed period of time.

A sample of 529 nonurban high school students each responded to one of four
test forms which differed in subject matter (natural sciences or social sciences)
and item form order (TF or MC). The results showed that the ratio of the
number of TF to MC items attempted in the first eight minutes of testing was
3:2. The reliabilities of the MC tests were significantly greater than those of the
TF tests. The paper conciuded that MC and TF tests designed to measure the
same objectives do tend to measure the same characteristic.

Gardner, P. L. Test length and the standard error of measurement.
Journal of Educational Measurement, 1970, 7, 271-273.

The author shows that under very general conditions, the standard error of
measurement estimated from the Kuder-Richardson formula 20 and Kuder-
Richardson formula 21 leads to Lord’s observations that the standard error of
measurement of a test is directly proportional to the square root of the number
of items on the test.

Gilman, D. A. & Ferry, P. Increasing test reliability through seif-
scoring procedures. Journal of Educational Measurement, 1972, 9,
205-207,

A 66-item four-response multiple choice test on self-scoring test forms was
administered to fifty-four graduate students. Each test was scored by the tradi-
tional right-wrong method of scoring tests {RWSM) and also by the self scoring
method of counting the number of responses necessary to respond to all items
correctly (§5M). This study compared the test reliability of $S8M with the
refiability of inferred RWSM by using odd-even item correlation coefficients and
split-half reliability coefficients (Spearman-Brown Prophesy Formula).

Results indicate that the odd-even correlation coefficient and the split-half
reliability coefficient were substantially larger when tests were scored by SSM
than when the tests were scored by RWSM.

Glass, G. V. & Wiley, D. E. Formula scoring and test reliability.
Journal of Educational Measurement, 1964, I, 43-47.

A model is proposed for the partitioning of an obtained score for a subject
on a multiple-choice test. Deductions from the model were found to correspond
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to the results of calculations with actual data in a large proportion of cases.
Specifically, it was argued that the reliability of uncorrected test scores is gen-
erally higher than that for corrected-for-guessing test scores, depending on how
well the actual data conform to the proposed model. The greater validity of cor-
rected-for-guessing scores found by other researchers is reflected in the fact that
corrected-for-guessing scores lead to a more powerful analysis of variance than
uncorrected scores.

Grier, J. B. The number of alternatives for optimum test reliability.
Journal of Educational Measurement, 1975, 12, 109-113.

With the total number of alternatives fixed at some constant number, the use
of three alternatives per choice was found to maximize three criteria: the power
of a test, defined as one minus the probability of getting a perfect score by
chance; the discrimination capacity of the test, defined as the number of possible
response patterns the test can distinguish between; and the uncertainty index,
a measure of the information gained from using the test. The proof used
Ebel’s (1969} modified version of the Kuder-Richardson formula 2i. The ex-
pected reliability of a test is maximized, however, only if the number of test items
is increased to compensate for the smaller number of alternatives per item.

Hakstian, A. R. & Kansup, W. A comparison of several methods of
assessing partial knowledge in multiple-choice tests: II. Testing
procedures. Journal of Educational Measurement, 1975, 12, 231-
239.

A comparison of reliability and vaiidity was made for three testing procedures,
A sample of 1028 grade nine students was randomly divided into groups which:

1) responded conventionally to Verbal Ability and Mathematical Reasoning
tests,

2) used a confidence-weighting response procedure with the same tests,

3) used the elimination response method.

Data on school achievement criteria were obtained and a similar ability
_measure was administered to assess criterion-related validity. Elimination test
scores showed no increase over conventional scores, in either consistency or
stability, and no significant increase in validity. Confidence test scores showed,
in some cases, significantly higher reliability than did conventional scores.
However, the increase would be matched by conventional tests reguiring equal
testing time. The confidence scores yielded no increase, and in some cases a
decrease in validity. It was conciuded that the experimental testing procedures
examined ate not psychometrically superior to conventional testing.

Haladyna, T. M. Effects of different samples on item and test charac-
teristics of criterion-referenced tests. Journal of Educational Mea-
surement, 1974, 11, 93-99.

The author presents a rationale for using classical test construction and
analysis procedures when samples of both mastery and nonmastery examinees are
empioyed.

Test and item statistics were computed for three different samples:
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a) preinstruction students who represented a nonmastery population,

b) postinstruction examinees who represented the mastery population,

¢) a combination of the above two samples.

Homogeneity was estimated using the Kuder-Richardson formula 20, and
discrimination indices were computed using D% and the point biserial correla-
tion for both the postinstruction sample and the combined pre- and post-
instruction samples. The author concluded that both logical rationale and
empirical evidence support the practice of combining pre- and postinstruction
CR test scores for the purpose of examining CR tests and item characteristics.

Hales, L. W. Method of obtaining the index of discrimination for item
selection and selected test characteristics; A comparative study.
Educational and Psychological Measurement, 1972, 32, 929-937.

The purpose of this study is to determine the relative value of three item
validation methods which may be employed by ciassroom teachers in the selection
of items for inclusion in a test. The three methods which were compared are:
Flanagan's r, Flanagan's r. computed from proportions which have been cor-
rected for chance success {and having corrected indices of difficulty falling within
the range 0.15-0.75, inclusive), and net D.

Using the three techniques for item validation, nine tests were constructed
(one test by each method for each of three groups). The average overlap
between tests of a grade level was 62%.

At each grade level, the r test mean was significantly higher than the r, fest
mean. The D test mean fell in between r and r. test means. For the tests at
each grade level, the Kuder-Richardson formula 20 and the odd-even coefficients
of correlation for the tests did not differ significantly from each other.

The author conciudes from the results of this study that the net D is as good
as Flanagan's r and Flanagan's r. as an index of discrimination to be used in
item selection in test construction. Hales notes that since net D may be obtained
much more rapidly than either Flanagan’'s r or r., the net D should be an
appropriate index of discrimination for classroom teachers to use, in conjunction
with the index of difficulty, in the selection of items for inclusion on a test.

Hambleton, R. D. & Novick, M. R. Toward an integration of theory
and method for criterion-referenced tests. Journal of Educational
Measurement, 1973, 10, 159-170.

The authors synthesize some of the thinking in the area of criterion-referenced
{CR) testing (current in 1973} as well as provide the beginning of an integration
theory and method for such testing. They view criterion-referenced testing from
a decision-theoretic point of view; thus approaches to reliability and validity
estimation consistent with this philosophy are suggested. In order to improve the
decision-making accuracy of CR tests, a Bayesian procedure for estimating true
mastery scores is proposed. This Bayesian procedure utilizes information about
other members of a student’s group (collateral information}, but the resulting
estimation is considered to be criterion-referenced rather than norm-referenced
since the student is compared to a standard rather than to other students. The
authors contend that in theory, the Bayesian procedure increases the “effective
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length” of the test by improving the reliability, the validity, and the decision-
making accuracy of the criterion-referenced test scores.

Hambieton, R. K., Roberts, D. M. & Traub, R. E. A comparison of
the reliability and validity of two methods for assessing partial
knowledge on a multiple-choice test. Journal of Educational Mea-
surement, 1970, 7, 75-82.

The purpose of this study is to compare two procedures: differential weighting
of response alternatives, and confidence testing—both which have the same goal,
assessment of partial knowledge. Comparisons were made in terms of reliability
(which was estimated by the split-half technigue) and validity (which was
estimated by correlating midterm test scores with scores on a final examination.)

1) Differential weighting procedures means that differential scoring weights
were assigned to each response alternative to an item rather than a score of
+1 for correct answers and 0 for incorrect. In this study weights were chosen
to refiect the judged degree of correctness.

2) Confidence Testing procedure refers to any of a variety of procedures which
had the examinee indicate his confidence in the correctness of the response
alternatives of an item.

The authors use as a baseline for comparison, results obtained by administer-
ing a test under conventional directions.

The confidence testing procedure yielded the most valid and the least reliable
scores. The second set of differential weights produced scores with the most
reliability. Conventional testing procedures produced scores with the least validity
and with as much reliability as the scores yielded by the second set of differential
weights.

The authors suggest that the results be interpreted cautiously and that they
have limited generality.

Hanna, G. S. Incremental reliability and validity of multiple-choice tests
with an answer-until-correct procedure. Journal of Educational
Measurement, 1975, 12, 175-178.

This study was designed to replicaie an investigation about an experimental
answer-until-correct (AUC) procedure. Hanna theorizes that an AUC procedure
(one in which an examinee continues to respond to each multiple-choice item
until feedback signifies that he is successful) would yield scores of greater
reliability and validity than would conventional procedures. Results showed
that compared to the inferred conventional scores, the experimental scores were
mote reliable but less valid. Hanna concludes that content validity of achievement
tests demands thoughtful deliberation and should not be forsaken in the pursuit
of reliability.

Hansen, R. The influence of variables other than knowledge on prob-
abilistic tests. Journal of Educational Measurement, 1971, §, 9-14.

In probabilistic test and scoring systems, the examinee is required to respond
to each of the options of a multiple-choice test with a probability which represents
the confidence he has in that option.
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The author contends that if the confidence test is functioning properly, the
responses made by an individual should be determined principally by what he
knows. To the extent that other idiosyncratic traits of the individual influence his
responses, the test will be a less valid indicator of knowledge.

The purpose of the study was to seek the relationship between the degree to
which examinees display certainty in their responses and certain personality
variables. Although proponents of probabilistic testing would expect these corre-
lations to be low, the author found them to be high. He found indications that
response style was related to certain aspects of personality,

It was found that individuals do respond to muliiple-choice questions with a
characteristic certainty that cannot be accounted for on the basis of their
knowledge. This certainty is refated to scores of both the F Scale and the Kogan
& Wallace risk-taking measure. :

Hendrickson, G. F. The effect of differential option weighting on
multiple-choice objective tests. Journal of Educational Measure-
ment, 1971, 8, 291-296.

The purpose of this study was to determine in what way Guitman weighting
affected the internal consistency and the interrelation of the subtests of a
mulitiple-choice objective test. Subtests of the Scholastic Aptitude Test (SAT)
were scored first with Guttman weights and then with conventional correction-
for-guessing weights. When Guttman weights were used, the internal consistency
of the tesis increased markedly. The correlation of the two verbal subtests
increased to some extent when Guttman weights were used, but the correlation
of the two mathematics subtests as well as the intercorrelation of all verbai and
mathematics subtests decreased. Differences in the factor structure of the Gutt-
man-—and conventionally—weighted subtests were used to explain the result.

The author suggests that further research be done before implementing a
Guttman weighting technique on a large scale. Specifically, he suggested that
future research show what a Guttman weighted test measures and what effect
the Guttman weighting has on validity.

Hively, W., Patterson, H. L. & Page, 5. A. A “universe-defined” system
of arithmetic achievement tesis. Journal of Educational Measure-
ment, 1968, 5, 275-290,

This paper shows that two quite different approaches to achievement testing
converge. One is the strong form of educational behaviorism exemplified by B. F.
Skinner’s work in the area of programmed instruction. The other is the posi-
tivistic approach to mental test theory exemplified by Cronbach’s work on
“Generalizability.” Hively et al maintain that if behaviorists can analyze non-
trivial subject matter into well-defined behavioral classes, generalizability theory
promises appropriate and powerful measurement models. Osburn (1968) has
named this arca “universe-defined-achievement testing.”

Data are presented from one of the first applications. The subject matter is
mathematics.

A general form, together with a list of generation rules, precisely define the set
of all test items which may be taken to represent the diagnostic category. The
rules for generating such a set of test items is called an "item form.” A collection
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of item forms constitute a “‘universe” from which tests may be drawn. A
“family” of random-parallel tests (Cronbach, 1963) is defined by a sampling plan
over a universe of item forms. A “generalizability study” of the test families was
conducted. Three tests were generated from each family. The results show
that the relative magnitudes of the components of variance display an extra-
ordinarily consistent pattern across the different test families. It is emphasized
that these results were obtained on the basis of purely formal content analysis
of the subject matter, without any statistical item selection procedures whatso-
ever.

In addition to estimates of ‘‘relative” stability of test scores expressed by
intercorrelation coefficients, a measure of the individual's performance with
respect to the universe, which does not require comparison to other individuals
for its interpretation, is also obtainable. To get this, we may use the within-
person variance to estimate a confidence interval for any individual’s “true” or
“universe”’ score, given his observed score on a randomly chosen test. The under-
lying assumption in ali of the above is that the between- and within-person
variances are independent of one another.

The authors continue to say that given information about how a person
responded to a particular test item, we would expect to be able to predict how
he would respond to another, randomly-chosen item from the same item form,
but not necessarily how he would respond to an item from a different item form,
Predictions from one item form to another should depend on how the items forms
are related.

Hively concludes that the data lead one to place only moderate faith in the
item forms as categories which represent distinct, homogenous classes of behavior
and which thus provide the foundation for detailed diagnosis and remediation. By
contrast, it seems paradoxical that the total fest scores should have been as
reliable as they were.

Horn, J. L. Integration of concepts of reliability and standard error
measurement. Educational and Psychological Measurement, 1971,
31, 57-74.

The purpose of this paper is to explicate some of the problems implied by the
assumptions underlying derivations of various indices of error of measurement
and such coefficients of reliability as the Kuder-Richardson formula 20 and the
Kuder-Richardson formula 21 and to indicate some of the practical implications
of various proposed solutions.

Horn looks at standard error of measurement and reliability coefficients as
they are defined in terms of two random response models. The conclusien is
that generally the Kuder-Richardson formula 20 should yield a larger estimate
of reliability than the Kuder-Richardson formula 21, and although the difference
may be small in many practical situations, the fact of the difference between
the two should be kept in mind when considering the standard error of measure-
ment formulae.

In the second section of this paper, Horn looks at some standard error of
measurement models, It is noted that different kinds of variability can be repre-
sented as ‘‘error’” in any one of the formulae for reliability or standard error
of measurement.
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Horn, J. L. Is it reasonable for assessments to have different psycho-
metric properties than predictors? Journal of Educational Measure-
ment, 1968, 5, 75-77.

Horn contends that the distinction which Nunnally (Tests and measurements:
Assessment and prediction. New York: McGraw-Hill, 1959) has drawn between
assessments and prediciors is more than a classificatory-verbal convenience
{See Ebel, Jourrnal of Educational Measurement, 1968, 5, 71-73.) He believes
that it pertains to differences in the psychometric properties of the measurements
in question.

His argument is that an assessment device may have most all the properties
deemed desirable for a predictor device, but that it need not, His argument does
not question that an assessment should be reliable in the sense that Ebel
(JEM, 1968, 5) defines this or that internal consistency can be indicative of
reliability in this broad sense. The argument is that internal consistency is a
secondary consideration for an assessment and may be a counterindication of its
adequacy.

If there were m areas of, for example, law and each were represented in the
bar examination by only one question, we would expect only random correlation
among the items. Under these conditions, high internal consistency would be a
counter indication of validity.

1t is on this basis that Horn argues that evidence on internal consistency is not
of primary importance in evaluating an assessment. The primary concern is 1o
ensure that experts will agree that the content of the measurement scale is
appropriate for the assessment. A test which meets this requirement might or
might not be internally consistent. It is in this sense that evidence on internal
consistency can be (which is not to say it usually is) a very secondary considera-
tion.

The essence of this argument is that in some kinds of measurement, validity
questions can be approached directly, without much consideration of replication
over similar kinds of stimuli and internal consistency in response to these stimuli;
whereas in other measurement situations, validity questions—usually the concern
is with construct validity—must be approached more indirectly and a concern
for internal consistency must come early to our attention,

Horn, J. L. Some characteristics of classroom examinations. Journal of
Educational Measurement, 1966, 3, 293-295.

Horn maintains that the task of constructing a test can be quite different
depending on whether the test is conceived of as a predictor or an assessment. In
constructing a predictor, one must sirive to obtain internal consistency among the
items, since this tends to ensure that the test will be reliable and can correlate
with a criterion. In constructing an assessment, however, one should strive to
obtain representativeness of content, whether or not elements are internally
consistent. Here, the principal concern must be with validity in the sense that
experts will agree that the items measure what they are supposed to measure. If
a test representatively covers the areas which experts say should be covered (in a
bar exam, for example), it makes no difference if the internal consistency
reliability is zero, if the test has no variance or if the distribution of the scores has
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a poor form. Yet these must be important considerations in the construction of
a predictor.

Huck, S. W. & Bowers, N. D. Item difficulty level and sequence effects
in multiple-choice achievement. Journal of Educational Measure-
ment, 1972, 9, 105-111.

It is noted that certain authorities imply that the proportion of examinees who
correctly answer a test item is influenced by the difficulty of the immediately
preceding item. The theoretical basis for the hypothesis of a “‘sequence effect”
resides in the general area of test anxiety and its effect upon performance. If
present, such a **sequence effect” would cause p (an estimate of item difficulty) to
mistrepresent an item’s “true” level of difficulty. This study was undertaken in an
attempt to ascertain whether the p-level associated with a multiple-choice test
item is biased by the difficulty level of the immediately preceding item. A
balanced Latin square design was used to rearrange examination items into
various forms. The results do not support the “sequence effect” hypothesis.
Although the authors recognize that certain limitations preclude the generaliza-
tion of their findings to all students or to ali testing situations, they contend
that their results suggest that comments relating to “sequence effects” should
be qualified as compared with presently appearing statements.

Ivens, 8. H. Nonparametric item evaluation index. Fducational and Psy-
chological Measurement, 1971, 31, 843-849.

The purpose of this paper is to develop a nonparametric index for evzluating
the effectiveness of dichotomously scored items that takes into account both the
difficulty level and the discrimination of the item. The criterion upon which this
new index is based is that the best possible item will have a difficulty of .5 and
have perfect discrimination,

When N (individuals) is even, S; = (8Y; — 4n,(N + 1))/N* when N is odd,
$, = (8Y, — 4n,(N + 1))/(N* — 1) where ¥; is the rank sum of those individuals
who passed item i [Y.- = X/Ry= X, ja;, where X, =[ay, @z ...ay] and
@, =1 if the j* individual passed the item and «; =0 if the j* individual
failed the item. Ry =1[1,2,3, ... ,N]] and n, is the number of individuals
who passed item /.

Ivens shows that the distribution of §,, for each N, has a known variance
and is symmetrical about zero with maximum and minimum values of one and
minus one respectively. ‘

In summary, $. is an easily computed nonparametric index that:

1) is dependent on item difficulty and discrimination,

2) has a known range and variance,

3) has a significance test for its difference from zero,

4) can be meaningfully compared across different administrations of the
same items,

5) can be computed by using either the total score of the test in which the
item is contained or an outside criterion.

Jacobs, S. Behavior on objective tests under theoretically adequate,
inadequate and unspecified scoring rules. Journal of Educational
Measurement, 1975, 12, 19-29.
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The effects of two levels of penalty for incorrect responses on two dependent
variables:

1) a measure of risk-taking or confidence, using nonsense items

2) the number of response-attempis to legitimate items
were investigated for three treatment groups in a 2x3, repeated measures, multi-
variate ANOVA design. The treatment groups were composed of 5's responding
under one of three scoring-administrative rules: conventional Coomb’s-type direc-
tions and two variants suggested as mathematically more adequate. Results
indicate significant differences among groups and across penalty conditions.
Implications for criterion-referenced testing are noted as follows.

‘While most of the effort in the area of critetion-referenced testing has centered
around strategies for item and test development, item and test administration,
and item and test analysis, the following question remains: What should 5's be
told when they confront a criterion-referenced test? The results in this study
indicate that behavior observed may vary as a function of item difficulty (if one
assumes 5's responded to nonsense items in a manner similar to the way in
which they would respond to very difficult legitimate items), instructions to the S,
and the penalty for incotrect responses. Even if the effect is constant across all
5's (which would permit valid norm-referenced comparisons), there still remains
the possibility—in criterion-referenced testing—that we may misjudge whether or
not a specified level of performance (the criterion) was achieved.

Jacobs, S. S. Correlates of unwarranted confidence in responses io
objective test items. Journal of Educational Measurement, 1971,
8, 15-20.

This study was undertaken to determine the effects of two levels of penalty
on the unwarranted expression of confidence, the personality correlates of
confidence-expression and the effects on test statistics of confidence-weighting.
A final examination was administered to seventy-two Ss under confidence-weight-
ing instructions with two levels of penalty for incorrect responses.

Penalty 1—if the selected option was incorrect, Ss lost 0, 2, or 3 points
depending on the category of confidence selected (guess, fairly confident, very
confident).

Penalty 2—here Ss lost 0, 4, or 6 points, again depending upon the confidence
category selected.

A multiple correlation of .39 (p < .035) was calculated between four scales of
the CPI and the measure of unwarranted confidence.

The measure of confidence-expression used was:

number of errors for which maximum confidence was expressed
CONF =

number of errors
x 100

A two-way anova revealed no significant main effects or interaction effect
attributable to level of penalty or sex. Although increased penalty level had no
effect on confidence-expression, the test's reliability decreased from .85 to .39,
and the correlation between conventional and weighted scores dropped from .88
to .095.
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Kansup, W. & Hakstian, A. R. A comparison of several methods of
assessing partial knowledge in multiple-choice tests: 1. Scoring
procedures. Journal of Educational Measurement, 1975, 12, 219~
230.

The effects of:

1) logically weighting incorrect item options in conventicnal tests, and

2) different scoring functions with confidence tests on reliability and validity,
are examined. A group of grade nine students took conventionally-administered
Verbal and Mathematical Reasoning tests, scored conventionally and by a pro-
cedure assigning degree-of-correctness weights to incorrect alternatives. Some
increase in internal consistency, but a slight decrease in stability, resulted from
the weighting. Validity for school achievement criteria was unimproved by the
weighting and in some cases significantly reduced. Another group took the same
test with confidence testing instructions. Five scoring functions—representing
four underlying models—were compared. Slight, but nonsignificant, gains in
internal consistency and stability were obtained for two functions. No substantial
differences in validity were found. It was conciuded that:

1} logical weighting with conventional tests is likely to be unprofitable,

2) the simplest scoring function for confidence tests is as effective as more
complex ones.

Kleinke, D. J. A linear-prediction approach to developing test norms
based on matrix-sampling. Educational and Psychological Measure-
ment, 1972, 32, 75-84.

The author describes a linear prediction approach for estimating total test
scores from a sample of items and compares it empirically with the negative
hypergeometric distribution method of approximation (Keats & Lord, Psycho-
metrika, 1962, 27, 59-72.).

Knapp, T. R. A note concerning Carver’s “‘A model for using the final
examination as a measure of the amount learned in classroom
learning.” Journal of Educational Measurement, 1970, 7, 51.

The author raises questions about Carver's model for measuring gain.

Koehler, R. A. A comparison of the validities of conventional choice
testing and various confidence marking procedures. Journal of
Educational Measurement, 1971, 8, 297-303.

The purpose of this study is to investigate various conditions under which the
continuous confidence marking (CCM) response method might enhance construct
validity. The convergent and discriminant validity of two confidence marking
techniques with that of conventional choice testing was compared. The patierns
of intercorrelations within the ‘*‘multitrait-multimethod” matrix provided evi-
dence of construct validity. Achievement in vocabulary, social studies, and
science {traits) was measured by a sixty item test containing true-false and five-
alternative items (methods). The test was administered to three randomly as-
signed groups (one for each response system) totaling 535 §°s. The results
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indicate very slight differences in convergent and discriminant validity that
favored conventional testing over confidence marking techniques.

No evidence is provided that improvement in construct validity occurs when
confidence marking is the response mode. On this basis, the authors suggest
the use of the conventionai choice test. They do recognize, however, that con-
fidence testing may be valuable for other purposes, e.g., for use as a tutorial
device. :

Koslowsky, M. & Bailit, H. A measure of reliability using qualitative
data. Educational and Psychological Measurement, 1975, 35, 843-
846.

The authors note that in many types of research activities, it is necessary to
obtain a reliability measure for gualitative or unordered data. The procedures
that are presently available cannot handle such data using the classical reliability
measures. Finn's (1970) method assumes interna! type data, and Goodman and
Kruskal's (1954) formula for handling reliability of unordered data is good for
only one item at a time, This paper expands the Goodman & Kruskal formula,
and discusses an approach for calculating the inter-rater reliability for a series
of items across many subjects. The procedure is considered to be analogous to
the usual reliability determination for an achievement test or an attitude test.

Krippendorff, K. Estimating the ré!iability, systematic error and random
etror of interval data. Educational and Psychological Measurement,
1970, 30, 61-70,

The author states that the analyst of a recording instrument may wish to
obtain the following:

1} An estimate of the reliability of a population of data over all observers in
the universe using the recording instrument. This measure is called data relia-
bility and can be interpreted as a measure of the confidence in data.

2) An estimate of the extent to which data reliability could be improved if
scale values were to be transformed or their definitions were to be modified
- for the individual observers. This measure assesses the systematic error of the
recording process, which, together with a measure of the random ervor may be
said to account for the lack of data reliability.

3) An estimate of the reliability associated with each individual cbserver, often
called individual reliability. Such an estimate permits the identification of ob-
servers who are detrimental to achieving high data reliability. Deviant observers
need either more instruction or cannot be employed in the process of collecting
data.

4) An estimate of the extent to which each observer is corrigible by further
instruction. Such an estimate would assess systematic observer biases which
together with the individual's random error account for lack of individual
reliability.

5) Finally, there is needed an indication of the extent to which a random
sample of cbservers agree on the scoring of each unit of recording. This measure-
ment may be called unit reliability and ailows one to identify sources of unreli-
ability within the set of observations.
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Levine, H. G. & McGuire, C. H. The validity and reliability of oral
examinations in assessing cognitive skills in medicine. Journal of
Educational Measurement, 1970, 7, 62-74.

In order to assess clinical competence, not adequately assessed by written
examinations, three types of oral examinations specifically designed to yield
information on high level cognitive functioning were employed with 784 M.D.
candidates. Orals lasting two and one-half hours were divided into five half-hour
examinations:

The first was designed to sample skills in relating effectively to patients and
colleagues (rele-playing was used).

The second was designed to sample obsetrvation and interpretive skills (candi-
dates were presented with series of visual stimuli and were expected to describe
pathology and make inferences).

The third, fourth, and fifth examinations tested the candidates problem-
solving skills. To insure that examinations were administered and scored proper-
ly, detailed instructions were given to examiners and candidates; training ses-
sions were conducted for examiners; to maximize the reliability of the oral
examination, instructors utilized a 12-point scale.

Although previous experience showed interrater reliability to be about .60,
combined effects of sampling and rating errors reduced reliability across raters
and across cases to between .15 & .20.

Since all oral scores were pooled for purposes of certification, pooled scores
were used to obtain an estimate of reliability for the entire group of orals.

The Spearman-Brown correction formula yields a reliability estimate of .47
(for four tests) with an average of ,18. These resuits are consistent with the
Anova formula developed by Ebel in which each group of candidates who were
rated by the same team is considered a block.

They conclude that oral examinations must be used in combination with other
data.

The validity of the orals is investigated in the following ways:

1) Content validity—by means of systematic observation and questionnaire,

2) Concurrent validity—by correlations with two supervisors’ ratings of ha-
bitual job performance,

3) Construct validity—by fact or analysis of test scores and ratings,

4) Predictive validity—to be studied in a ten-year foliow up. Results of content,
construct and concurrent validity indicated that oral tests identified factors not
measured by multiple-choice tests and, therefore, significantly improved the
relationship between supervisory evaluations and test scores.

Lewy, A. Discrimination among individuals vs. discrimination among
groups. Journal of Educational Measurement, 1973, 10, 19-24.

It is noted that achievement tests are used for discrimination both among
individuals and among classes. The parameters utilized for selecting items for a
test are based on two item statistics: difficulty level and correlation of the item
with the total test score.

Lewy contends that although these parameters are useful to maximize discrimi-
nation among individuals they do not necessarily discriminate among classes.
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He suggests that the intraclass correlation coefficient of a test item can serve
as a parameter for selecting items which maximize diserimination among classes.
The larger the value of this coefficient, the larger its contribution to the efficiency
of the test for discrimination among classes.

Lewy presenis an example to itlustrate the relation of the intraclass correla-
tion coefficient to the efficiency with which the test discriminates among classes.

He concludes from his example that by employing the intraclass correlation
coefficient as a parameter for item selection, one changes the structure of the test
and retains in its final version different items than one would have obtained
without utilizing this parameter as an item selection criterion.

Lewy, A. & Shavit, S. Types of examinations in history studies. Journal
of Educational Measurement, 1974, 11, 35-42.

This study utilizes disagreement among experts in item classification as a
source for examining the structural characteristics of the classification scheme.

A sample of 546 questions was collected from the examinations of 11th
grade history courses, and a team of history teachers proposed a series of cate-
gories by which questions could be classified. The classification scheme included
the following eight areas: historical facts, concepts, description of events,
analysis of events, processes, cause & effect relationships, connection between
areas of life, and evaluation.

An agreement-disagreement (ADAM) matrix (which was not a correlation
matrix) was compiled by counting each pair of classification decisions for the
546 items. The matrix reveals that the highest proximity exists between the cate-
gories fact and concepts. Guttman’'s smallest-space analysis (SSA) applied to
ADAM suggests that the item-classification scheme reflects two different ap-
proaches to testing outcomes of history: cognitive psychology and philosophy of
history.

The interpolation procedure yields two distributions with an equal number of
raw scote points and identical cumulative percentage values in each.

The curve-fitting procedure involves the development of first, second, or
higher degree polynomials, using the interpolated or smoothed score points.
Standard least square numerical solutions are used to obtain the constants for
the polynomials or prediction equations. The accuracy with which a given poly-
nomial reproduces the actual trend of the bivariate distribution is assessed by
computing the variance of the errors of estimating ¥ from X,

A Fortran IV program was written to carry out the complete analytical
equipercentile equating method.

The authors recognize that their proposed analytica! solution is appropriate
only in those instances that the graphic one is appropriate. It does not solve
the problems associated with a small number of subjects, highly skewed dis-
tributions, insufficient data points at the ends of the distributions, etc. The
solution should be viewed only as an analogue to the graphic method. It has
merit because its results are verifiable, it i fast and inexpensive if done on a
computer, it eliminates tedious hand.smoothing, it puts the equipercentile
method on an analytic basis similar to the linear method of test equating.

Conclusions:
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1) The disagreement pattern in classifying objects according to categories can
be utilized to measure the distance between categories.

2) SSA can be used for revealing structural characteristics of models dealing
with examination questions.

3) History examination questions can be classified according to categories
which differ with respect to level of complexity of cognitive functioning and with
respect to the degree of heterogeneity of events dealt with.

4) Differentiation according to heterogeneity of events appears only in connec-
tion with categories of high level cognitive functioning.

Lindsay, C. A. & Prichard, M. A. An analytic procedure for the equi-
percentile method of equating tests. Journal of Educational Mea-
surement, 1971, 8, 203-207.

From an analytical point of view, the graphic procedure for the equipercentile
method involves two steps:

1) inierpolation or smoocthing,

2) extrapolation based on a curve fitting procedure. The authors’ proposed
method used a linear rule to interpolate the two obtained distributions, then
develops functional equations from the interpolated distributions for matching
and extrapolation.

Livingston, S. A. Reply to Shavelson, Block, and Ravitch’s *‘Criterion-
referenced testing: Comments on reliability.” Journal of Education-
al Measurement, 1972, 9, 139-140.

Livingston maintains that while the criterion-referenced reliability coefficient
may be ‘‘unnecessary,” as Shavelson et al (1972) have claimed, it is usefu!
inasmuch as it gives the user a single number that indicates the reliability of a
group of scores in relation to a criterion score, The author states that his CR
reliability coefficient provides the answer to the question, ““What proportion of
the information provided by this test is reliable information?”

Livingston defends the notion that the CR reliability of a group of scores
should depend heavily on the difference between the group mean score and the
" criterion score.

Referring to the hypothetical instructor in Shavelson et al’s (1972) exampie,
Livingston states that the fact that the CR reliability formula can be incorrectly
applied does not mean that it is useless. Finally, Livingston maintains that the
CR reliability coefficient deserves to be called a reliability coefficient because it
represents the ratio of “true” to “observed” mean squared deviations from the
criterion score, and the CR correlation between alternate forms of the same test
and the squared CR correlation between true scores and observed scores. Thus,
Livingston contends it is directly related to the repeatability of the measure,
when tepeatability is assessed in terms of deviations from the criterion score,
rather than from the group mean.

Lord, F. M. Formula scoring and number-right scoring. Journal of Edu-
cational Measurement, 1975, 12, 7-11.

Lord notes that the assumption that examinees either know the answer to a
test item or eise guess at random is usually implausibie. Number-right scoring
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directions inform the examinees that to maximize their score it is advantageous
for them to answer every item in the test, even if they should have to choose
some answers at random. Formula-scoring directions inform the examinees that
to maximize their score it is advantageous for them to answer each multiple-
choice item whenever they have any valid partial information to guide them in
choosing the right answer or in ruling out any of the alternative choices.

Lord makes the following assumption: the difference between an answer
sheet obtained under formula-scoring directions, as here defined, and the same
answer sheet obtained under number-right scoring directions, as here defined, is
only that omitted responses, if any, on the former answer sheet are replaced by
random guesses on the latter. This assumption freely permits examinees to use
any and all valid partial information available to them. This assumption
probably holds best for unspeeded tests.

Under this assumption, formula scoring is found to be clearly superior to
number-right scoring. It is noted that the advantage of the formula-scoring over
number-right scoring depends on the number of omitted responses. Thus, the
advantage will be negligible for high-ability students who know the correct
answers and greatest for low-ability students who omit many items. It is suggested
that empirical studies to investigate the validity of the new assumption need to
be conducted.

Lord, F. M. Quick estimates of the relative efficiency of two tests as
a function of ability level. Journal of Educational Measurement,
1974, 11, 247-254,

It is noted that when comparing two tests that measure the same trait or
ability, separate comparisons should be made at different levels of the trait or
ability rather than an overall comparison. If the two tests are not equally
difficult, relative efficiency (R.E.) will differ at different ability levels.

This paper presents a simple approximation formula for R. E. at any specified
score level.

The accurate formula to find R. E. of two tests measuring the same trait is:

_ VarGTeXT)
Var (17,)g,(T,)

An approximation to R.E. can be obtained by substituting observed-score dis-
tributions f. and f, for true-score distributions g. and g,, and by replacing the
ratio of conditional variance by the approximation nx(n, — x)/ny(n, — ¥).

The approximate formula (2) is:

(formula 1) RE.{, x

RE@, n= 2 DL
ne yln, ~y) 5}

Using vocabulary sections of seven nationally known reading tests, six practical
applications illustraie the adequacy of formula 2 as a convenient approximation
to formula 1.

R.E. were computed by formula 2 and by a computer program which gives a
good approximation to formula 1.

The conclusion is that the approximation of formula 2 to 1 seems to be
adequate.
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Lord, F. M. The self-scoring flexilevel test. Journal of Educational
Measurement, 1971, 8, 147-151,

It is noted that with *‘tailored™ testing, matching the difficulty of the items
with the ability level of the examinee presents great practical complications. In
this paper, Lord suggests that these same results can be achieved by modifying
the directions, the test booklet, and the answer sheet of an ordinary conventional
test. He calls the modified test a flexilevel test.

It is assumed that conventional tests are arranged either in the order of
difficulty or a rough approximation to this. The general idea of a flexilevel
test is simply that the examinee starts with the middle item in the test and pro-
ceeds, taking an easier item each time he gets an item wrong, a harder item
each time he gets an item right. He stops when he has answered half the items
in the test. The answer sheet must inform the examinee whether each answer
is right or wrong.

The high-ability examinee who does well on the first items he answers will
automatically be admistered a harder set of items than the low-ability examinee
who does poorly on the first items. Within limits, the flexilevel test automatically
adjusts the difficulty of the items administered to the ability level of the
examinee,

This tesult is rot achieved without some complication of the test adminisira-
tion. However, the complications are minor compared with those arising in other
forms of tailored testing.

Lord, F. M. Variance stabilizing trasformation of the stepped-up re-
liability coefficient. Journal of Educational Measurement, 1974, 11,
55-57.

Lord states that since the stepped-up reliability coefficient does not have the
same standard error as an ordinary correlation coefficient, Fisher’s z-transfor-
mation should not be applied to it. He suggests appropriate procedures.

Macready, G. B. & Merwin, J. C. Homogeneity within item forms in
domain referenced testing. Educational and Psychological Mea-
surement, 1973, 33, 351-360.

This paper considers the nature of the relationships among items within item
forms and how these relationships compare with an ideal case for diagnostic
tests in which if a person gets one item within an item form right, then he should
get all items within the item form correct.

The results suggest that, in most cases, item forms which generate items of
moderate difficulty can be used to obtain relatively homogeneous sets of items of
equivalent difficulty for a defined population of subjects. Such item forms pro-
vide sets of items superior to those which would be expected if item difficulties
alone were used to group items into sets. This suggests that the means used in
defining the replacement-set structures by attempting to objectify the intuitive
categories ordinarily used by teachers in constructing diagnostic tests is at least
a reasonable first effort,

The results also suggest a basis for identification of item forms which will
generate homogeneous items of similar difficulty. Using this information, it is
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possible to determine whether the breadth of an item form is appropriate and if
not, identify changes which will lead to an item form of more useful breadth.

Marso, R, Test item arrangement, testing time, and performance. Jour-
nal of Educational Measurement, 1970, 7, 113-118.

Two experiments were conducted to determine if a relationship exists between
test item arrangements and student performance on power tests.

The following hypotheses were tested:

1) item arrangement based upon item difficulty will not influence student per-
formance or required testing time when tests are administered as power tests,

2) item arrangements based on similarity of content covered or on order of
class presentation will not influence student performance or required testing time
when tests are administered as power tests,

3) the item arrangement factor will not interact with the test anxiety factor.
Results indicate that arranging items according to difficulty has little or no
effect upon either required testing time or upon student performance on power
or achievement tests. Students with greater or less measured anxiety did not
perform differently when item difficulty arrangements varied, but those with
greater anxiety performed less well on the examinations.

From experiment two, results indicate that the item presentation formats did
not influence student performance on the final examination nor did this factor
interact with the levels of test anxiety. Again, students with high levels of test
anxiety performed less weli on classroom examinations.

Masters, J. R. The relationship between number of response categories
and reliability of Likert-type questionnaires. Journal of Educational
Measurement, 1974, 11, 49-53.

The purpose of this study is to investigate the relationship between the number
of response categories employed and internal-consistency reliability of Likert-type
attitude questionnaires. To date, contradictory evidence has resulted in no
clear conclusion about the relationship between the number of response categor-
ies and reliability.

A 17-item Attitude toward Educational Traditionalism gquestionnaire and a
22-item Attitude toward Educational Progressivism questionnaire were each
scaled with 2, 3, 4, 5, 6 & 7 categories. They were administered to graduate
students in education and coefficient alpha reliabilities were obtained for each
sample for each of the six scalings and for each total questionnaire.

Progressive questionnaire reliabilities increased substantially as a function of
increasing the number of categories, but reliability of the Traditional question-
naire proved independent of the number of categories employed.

The obtained reliabilities for larger numbers of categories on the Progressive
guesionnaire were found to be much higher than would be predicted through the
use of the Spearman-Brown formula utilizing data for two categories.

The most reasonable explanation for the different results for the two question-
naires was found in examining the two-category total score distribution of each
questionnaire. As the number of categories increased, the variability of the
Progressive questionnaire increased greatly. Results indicate that in situations
where low iotal score variability is achieved with a small number of categories,
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reliability can be increased through increasing the number of categories em-
ployed, In situations where opinion is widely divided toward the content being
measured, reliability appeared to be independent of the number of response
categories.

Maxwell, A. E. The effect of correlated errors on estimates of reliability
coefficients. Educational and Psychologicel Measurement, 1968, 28,
803-811.

The procedure whereby the “‘reliability” coefficient of a test can be derived by
analysis of variance is reviewed. The assumptions underlying the analysis of
variance model are noted and it is shown that if the error terms in the model are
not independent then the estimate of the reliability coefficient will be biased,
and in most commonly occurring cases will be an overestimate.

Menne, 1. W. & Tolsma, R. J. A discrimination index for items in
instruments using group responses. Journal of Educational Measure-
ment, 1971, 8, 5-7.

Item discrimination for instruments used to measure characteristics by means
of group responses is stressed. It is argued that a percentage of the total sum
of squares which is due to groups (between groups) can appropriately be used as
an index of item discrimination. The measurement units of concern are the
consensual responses made to the items by members of the group or groups in
question.,

The items selected must be capable of:

1) eliciting similar responses from members of the same group

2) eliciting different responses from members belonging to a different group
when the groups in question have been exposed to or have perceived dissimilar
conditions.

For discrimination, the within-group variance should be low in relation to the
between-group variance.

1t is noted that the F statistic or ratio of between to within MS is not an
entirely suitable index of item discrimination because it is influenced by sample
size. The percentage of Total S5 due to between groups is a suitable index
since it is independent of sample size.

The authors suggest that the efficacy of measuring instruments which use group
responses can be improved in two ways:

1) inform the user of the minimum situation (i.e. the number and size of the
groups for which the instrument was developed),

2) adopt an item selection criterion which will allow the instrument to be used
effectively in the minimum practical situation for which its use was intended.

Some may think that itemn discrimination for every item is not too important
in the group measuring situation, since the scale scores will generally discrimi-
nate. However, the measurement of group responses is not a close paraliel to
the measurement of individuals. In the measurement of characteristics by group
responses:

1) item scores are generally regarded as important,

2) scale scores are generally based on as few as 5-15 itemns.
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Muller, D., Calhoun, E. & Orling, R. Test reliability as a function of
answer sheet mode. Journal of Educational Measurement, 1972, 9,
321-324.

The authors’ investigation is aimed at evaluating the effects of answer sheet
mode on reliability of measurement at the middle and upper elementary grade
levels.

It was found that response mode significantly affected both variability and
magnitude of error rate at each of the three grade levels. Because the test was
constructed in such a way that answers to almost all the test items were common
knowledge to the majority of students, errors on the test atmost always reflected
errors in marking rather than knowledge. Thus, the authors contended, error
rate can be taken as an index of reliability. The results indicate that the use of
the separate answer sheets does result in decreased test reliability.

Since not only level of performance is infiuenced by answer sheet mode, but
also reliability, it is recommended that test standardization information specify
the answer sheet mode that was used to evaluate reliability and to establish
norms.

Niedermeyer, F. C. & Sullivan, H. J. Differential effects of individual
and group testing strategies in an objectives-based instructional
program. Journal of Educational Measurement, 1972, 9, 199-204.

Prior to this study, it was determined that the typical, three-choice, selected-
response tests for a first-grade reading program were inappropriate for assess-
ment purposes since many children scored well on these unit tests during the
year, but did not reach criterion on an end-of-year, constructed-response posttest.
To resolve this problem two other types of tests were developed and compared
to the three-choice test.

Ten first-grade teachers in an objectives-based reading program utilized on a
biweekly basis three types of criterion tests:

1) individually administered, constructed-response tests (the teacher admin-
istered these by asking a child to come up and read the word on the card),

2) group-administered, selected-response tests with three choices per item,

3) group-administered, selected-response tests with four choices per item. This
test was developed directly from the existing three-choice test by simply adding
a fourth distractor to each item. The fourth distractor was generated in such a
way as to make the item more difficult.

Scores on these three tests and scores on an end-of-year, constructed-response
posttest were collected on a sample of 40 §'s for each type of test. The results
indicated that the three-choice, selected-response test often utilized in programs
of this type does not provide an accurate indication of end-of-year achievement
for many children. The authors do not recomment its continued use.

Boih the individually-administered, constructed-response tests and the four-
choice, selected-response tests provided scores that accurately predicted end-of-
year performance. They both produced scores that were lower than for the
three-choice test and thus allowed teachers more easily to identify pupils who
required remediation.
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Nitko, A. J. & Feldt, L. S. A note on the effect of item difficulty
distributions on the sampling distribution of KR-20. American
Educational Research Journal, 1969, 6, 433-437.

To investigate the possibility of the effect of the item difficulty distribution
on the sampling distribution of KR-20, two extreme types of distributions of
$,'s were constructed:

1) a uniform distribution over the range ¢, = .20(.05).80

2) a highly concentrated distribution in the neighborhood of ¢, = .50 with the
range ¢, = .45(.05).60.

Several Monte Carlo experiments were conducted to examine the effect of these
item difficulty distributions on the sampling distribution of KR-20. Ten distribu-
tions of KR-20 were obtained—two under ecach of five levels of population
refiability. .

Data suggests that the effect of these two extremes of item difficulty distribu-
tions is minimal. Some of the small differences in percentiles which exist is
attributed to sampling error and to the fact that the population reliabilities were
not precisely equal for the two tests.

The authors contend that the data provide strong evidence that the form of the
distribution of item difficulties has little effect on the sampling distribution of
KR-20.

Osburn, H. G, liem sampling for achievement testing. Educational and
Psychological Measurement, 1968, 28, 95-104.

This paper concerns the explicit definition of the universe of content, and the
stratified random sampling of items from the universe of content so defined.

A universe defined test is a test constructed and administered in such a way
that an examinee's score on the test provides an unbiased estimate of his
score on some explicitly defined universe of item content. Two requirements for
test construction are:

1) all items that could possibly appear in the test should be specified in
advance,

2) the items in a particular test should be selected by random sampling or
stratified random sampling from the universe of content.

Osburn’s approach to defining a universe of content is to analyze the content
area into a hierarchical arrangement of item forms and to develop a program
for a digital computer that would compose item sentences given a suitable
vocabulary and structural codes for the item forms. '

An item form has the following characteristics:

1) it generates items with a fixed syntactical structure,

2) it contains one or more variable elements,

3) it defines a class of item sentences by specifying the replacement sets for

the variable elements.
The principal advantage of item forms analysis is that it seems possible to
characterize the universe of content as an abstract system while maintaining an
unambiguous link between the system and the actual items that appear on any
form of the test.

Osburn’s treatment of item forms analysis draws on the basic features of Hive-
ly’s approach with more emphasis on the hierarchical arrangement of item forms



ABSTRACTS OF SELECTED JOURNAL ARTICLES 113

into a generalized system. The method is the reverse of Gagné's task analysis
in that it proceeds from the general to the specific with an emphasis on the
abstract system rather than on specific task elements.

The author contends that the abstract system together with the item generating
program satisfies the properties of a universe defined test.

It is the author’s stance that the mental test model that has been so successful
in aptitude testing is not appropriate for across the board application to achieve-
‘ment testing.

Theoretical implications of a universe defined test included:

1) Reliability Theory:

In a universe defined test, a particular test or item sample becomes relatively
unimportant and interest is focused on the universe of content. Concer is not
focused on a specific test but rather with a procedure for estimating an individ-
ual’s true score on & universe of content,

Classical mental test theory involving assumptions of test equivalence has been
divorced from test content and true score content has been little more than a
statistical fiction. The theory of generalizability (Cronbach et af) which assumes
random or stratified random sampling of test conditions as a starting point has
linked reliability theory with test content. Universe defined tests can be made to
satisfy rigorously the assumptions of generalizability theory and constitute a
practicai means for implementation of the theory. In generalizability theory, the
concept of the universe true score becomes meaningful.

2) Validity Theory:

For a universe defined test, what the test is measuring is operationally defined
by the universe of content as embodied in the item generating rules. It should
be possible to keep separate the concept of what a test is measuring from the
concept of the extent to which the responses of a person sample to the universe
of content are related to their responses to other classes of stimuli (construct
validity, etc.). In response to Ebel's (American Psychologist, 1961, 16, 640-647.)
plea for the operational definition of measurement procedures, Osburn suggests
that the most important requirement for the operational definition of a test is
the specification of the universe of content.

3) Item Analysis:

The author suggests that item analysis techniques be redefined if we are to
preserve the idea of random sampling from a specified universe of content. Any
decision to exclude items based upon item analysis data must result in a redefini-
tion of the universe of content.

4) Normative Data:

The percent correct score of a universe defined test is meaningful (Ebel points
out that to be meaningful, any test score must be related to test content as
well as to scores of other examinees) because it is related to test content. On
most psychological tests, a percent correct score is meaningless because the uni-
verse of content is not completely specified and random sampling is neglected.

5) Muaiched vs. Unmatched Data:

Matched—the same sample of items is administered to each subject in the
person sample,

Unmatched—the items are randomly sampled for each subject. If the investi-
gator is interested in the absolute score of an individual, it does not matter
whether or not data are matched or unmatched. If he wants relative scores for
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individuals, matched data are required. If he wishes to estimate the mean for a
group of persons, and proposes to generalize over persons and items, unmatched
are preferred.

Qsburn, H. G. The effect of item stratification on errors of measurement.
Educational and Psychological Measurement, 1969, 29, 295-301.

This paper shows that, in the case of matched item tests, the reduction in
errors of measurement for tests constructed by stratified sampling as compared
with tests constructed by random sampling from an indefinite popuiation of
items, is a simple function of the variance of the difference between pairs of strata
true scores. For unmaiched item tests, the reduction in errors of measurement
due to stratification is a function of the variance (across strata) of the strata
mean true scores plus the variance of the difference between pairs of strata
true scores.

These results predict that, in the case of matched item tests the largest
reductions in errors of measurement will result from stratification on item content
rather than item difficulty while for unmatched item tests just the opposite is
true,

Owens, R. E., Hanna, G. 8. & Coppedge, F. L. Comparison of multiple-
choice tests using different types of distractor selection techniques.
“Journal of Educational Measurement, 1970, 7, 87-90.

The purpose of this investigation is to compare the effectiveness of three item-
construction techniques in producing a multiple-choice geometry test of maximal
concurrent validity. The three procedures used to develop multiple-choice item
distractors are:

1) Judgmental method—the item authors supplied distractors that they
believed would be plausible.

2) Frequency method—the test was first administered in completion form and
then the most frequent examinee errors were used as distractors when the items
were cast in multiple-choice format.

3) Discrimination method—the test was first administered in completion form
and then the examinee errors that best discriminated between the high and low
scoring students were selected for multiple-choice distractors.

Scores on each of these three multiple-choice tests were correlated with scores
on a 17-item, 20-minute geometry cempletion test of parallel numeric and
algebraic content. Matched triads, with 558 subjects in each group, were used.
No significant differences in validity were found among the tests.

Popham, W. J. & Husek, T. R. Implications of criterion-referenced
measurement. Journal of Educational Measurement, 1969, 6, 1-9.

During the past several years measurement and instructional specialists have
distinguished between norm-referenced and criterion-referenced approaches to
measurement. More traditional, a norm-referenced measure is used to identify
an individual's performance in relation to the performance of others on the same
measure. A criterion-referenced test is used to identify an individual's status with
respect to an established standard of performance. This discussion examines the
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implications of these two approaches to measurement, particularly criterion-
referenced measurement, with respect to variability, item construction, reliability,
validity, item analysis, reporting, and interpretation,

Pyrczak, F. Validity of the discrimination index as a measure of item
quality. Journal of Educational Measurement, 1973, 10, 227-231.

The purpose of this study is to investigate the validity of the item discrimina-
tion index. Two parallel forms of an arithmetic-reasoning test were constructed.
The items were designed to vary with respect to nine item-writing characteristics.
On the basis of responses of 364 examinees, a discrimination index was computed
for each item. Three judges independently rated the items using a checklist of
the nine characteristics. The average of the judges’ ratings for each item was used
as the criterion for determining the validity of the indices. The findings indicate
that the discrimination index appears to be a valid measure of the quality of the
muliiple-choice items employed in this study.

Raffeld, P. The effects of Guttman weights on the reliability and predict-
ive validity of objective tests when omissions are not differentially
weighted. Journal of Educational Measurement, 1975, 12, 179-185.

The effects of constant weights for omissions using the Guttman system was
investigated in this study. The results suggest that a constant weight, equal to the
mean of the K item alternative weights, will produce increases in internal
consistency. These increases are considerably less than those found with differen-
tially weighted omissions. A slight increase in predictive validity was found for
Guftman weighted scores using a constant omission weight. Consistent decreases
in predictive validity resulted when differential weights for omissions were used.

The author concludes that this study supports the contention that a Guttman-
weighted objective test can have psychometric properties that are superior to those
of its unweighted counterpart, as long as omissions do not exist or are assigned
a value equal to the mean of the K alternative weights.

Ramsay, J. O. True score theory: A paradox. Educational and Psycho-
logical Measurement, 1971, 31, 715-719,

In classical mental test theory, if there is no a priori reason for accepting
the statement, “‘there is no platonic true score,” then it is usually not unreason-
able to define true score as the expected value of observed score. Ramsay attempts
to show that there are consequences of this assumption.

Reliability is defined as g = 0.*/(0,® + 0,*) where 0,2 = 0, — o,'. By using a
fundamental theorem about variance and noting that E(x|r) = ¢, the variance of
observed score for a particular true score is limited. In order to see how different
from zero this lower limit on reliability may be in practice, Ramsay proposes the
beta distribution be used as 2 model for the distribution of true score.

The result is a “realistic” ower bound on reliability as a function of true
score mean and variance. An example is given which expresses the lower bound
on reliability as a function of true score standard deviation.

The author notes three ways out of this paradox.
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1) Work only with scores transformed so as to be distributed on an infinite
interval. This, he points out, seems to make the concept of true score even more
artificial than when it was defined to be the expected observed score.

2) Replace this assumption with some new ones. The danger here is that the
resuiting test score theory will be stronger and contain even more parameters
than can be handled computationally and theoretically.

3) Abandon the whole enterprise of describing test score behavior out of a
predictive context and rely on standard statistical methodology to relate one test
to another. The author notes that this is a radical approach which few may favor.

Ramseyer, G. C. & Cashen, V. M. The effect of practice sessions on the
use of separate answer sheets by first and second graders. Journal
of Educational Measurement, 1971, 8, 177-181.

The purpose of this study was to determine the effect of formal practice
sessions on the ability of first and second graders to use separate answer sheets
on the California Test of Mental Maturity. Academically, the 79 §'s were above
average. The CTMM was administered twice to all subjects, once employing the
test booklet for answers and once employing a separate answer sheet preceded by
formal practice session. Significant mean raw score differences between the two
formats of 10.30 and 7.19 were obtained for $’s in grades one and two respectively
in favor of the booklet format.

Results indicate that above average pupils in grades one and two are unable
to utilize a separate answer sheet effectively even with prior practice sessions in
the use of this format,

It may well be that extended formal practice sessions would give first and
second graders the necessary skills to enable them to use separate answer sheets
effectively. However, the extra expenditure of time may not be worth the effort.

Reid, J. C. Printed comments with item analysis. Journal of Fducational
Measurement, 1970, 7, 159-160.

Reid suggests that the teacher who lacks training in measurement often ignores
such item analysis options like discrimination and difficulty indices. However,
item statistics do help the measurement expert who has developed a mental
decision matrix that guides his revision of the item. ’

Reid also suggests that a way of assisting the teacher to improve the test items
is to incorporate the expert’s mental decision matrix into a computer program
designed to compute itern statistics and let the computer print not only the
statistics, but also a running commentary in English alongside the item statistics.

These comments should provide directions to the classroom teacher for the
improvement of the items., They should be flexible to reflect the differing
decisions required by norm-referenced items and criterion-referenced items.

If the printed remarks comment on the relative effectiveness of the instructional
message as well as the item itself, then written comments may fit well into an
improvement of the instructional system and will help the unit to implement the
improvement of instruction,

Reilly, R. R. & Jackson, R. Effects of empirical option weighting on
reliability and validity of an academic aptitude test. Journal of
Educational Measurement, 1973, 10, 185-194,
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Item options of shortened forms of the GRE Verbal and Quantitative tests were
empirically weighted by two variants of a method originally attributed to Gutt-
man. The first variant method was internal consistency keying and the second
was patallel forms keying. The purpose of this study is to provide evidence of the
effects of empirical option weighting on the reliability, internal consistency,
validity, and factor structure of a standardized academic aptitude test. When
compared with formula scores, it was found that tests scored with the empirical
weights were more reliable but less valid when correlated with undergraduate
GPA. A factor analysis revealed large increases in variance accounted for by the
first factor. It is suggested that the weighting procedures used tended to capitalize
on omitting behavior which, although a highly reliable tendency, may be invalid.

Rippey, R. M. A comparison of five different scoring functions for con-
fidence tests. Journal of Educational Measurement, 1970, 7, 165-
170.

Scores for confidence tests were compuied using the following scoring func-
tions:

1} probability assigned to the correct answer,

2) logarithmic function,

3) spherical function (both 2 & 3 maximize a student’s score if and only if
he doesn't guess),

4) Euclidian function,

5) inferred choice (analogous to conventional multiple-choice scoring: one
point #f maximum confidence is assigned to the correct option, otherwise
nothing.)

The reliabilities of these five scoring functions were estimated using Hoyt's
procedure. The simplest function, (1) probability assigned to the correct response,
had the highest reliability most of the time. Function (1) led to the most reliable
scores and function (5), conventional choice scoring, led to the least reliable
scores. The Euclidean function, which is similar to function (1} in its scoring
results, produced a comparably high reliability. The spherical, logarithmic, and
inferred choice functions did not fare so well.

The data suggest that in the absence of information about the scoring system,
subjects assign their confidence in multiple-choice responses on the basis of the
intuitively simplest payoff model, and that reliability decreases as scoring func-
tions generate item scores which are progressively discrepant from scores gene-
rated by the simplest model.

Rosner, J. Language arts and arithmetic achievement, and specifically
related perceptual skills. American Educational Research Journal,
1973, 10, 59-68.

The purpose of this paper is 1o argue that primary grade reading and arithme-
tic competencies are closely related to specific and different perceptual skills,
namely reading to auditory perception and arithmetic to visual perception.

Three sets of scores were compared: Stanford achievement test, visual percep-
tual test (VAT) and an auditory perceptual test (AAT). Partial correlations
were calculated for AAT and achievement, controlling on VAT; and for VAT
and achievement, controlling on AAT.
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Results indicate that AAT scores account for significantly more of the vari-
ance in language arts subtest scores than do VAT; the reverse was true in
accounting for the variance in arithmetic scores.

The data indicate that for children in this study, there were significant
relationships between reading achievernent and auditory perception, and between
arithmetic achievement and visual perception,

It is suggested that instructional programs for primary grade children be based
upon the strengths and deficits of their perceptual skills.

Shavelson, R. J., Block, J. H. & Ravitch, M. M. Criterion-referenced
testing: Comments on reliability. Journal of Educational Measure-
ment, 1972, 9, 133-137.

In this comment, Livingston's reliability coefficient for criterion-referenced
measures is examined and some considerations for determining the reliability
of criterion-referenced measures is discussed. The authors find Livingston’s
statistic to be different from conventional reliability statistics and suggest it be
called something other than ‘‘reliability.”” For criterion-referenced measures
which satisfy the assumptions underlying the classical test theory model, the
authors contend that conventional reliability statistics are appropriate. For
measures with underlying multi-dimensional traits, classical test theory may be
used for estimating the reliability of homogenecus subscales. When the confi-
dence interval about a student’s score includes the criterion, the authors suggest
obtaining additional evidence about that student before determining whether or
not his performance exceeds or fails to exceed the specified criterion. One method
for acquiring additional evidence is fwo-stage sequential testing.

Shavelson, R. J. & Stanton, G. C. Construct validation: Methodology
and application to three measures of coguitive structure. Journal
of Educational Measurement, 1975, 12, 67-83.

The authors reviewed certain construct validation methodology and applied
some of it to the problem of validating construct interpretations of measures of
cognitive structure. Their review covered:

1) construct definitions and their implications for measurement operations
and interpretations,

2) three kinds of methods for examining construct interpretations of test
scores: logical analyses, correlational techniques, and experimental techniques.

Cognitive structure was defined and implications of the construct definition
for measures of cognitive structure were examined. The results of two studies
which dealt with the convergence of measures of cognitive structure were re-
ported.

Shoemaker, D. M. Note on the attenuating effect of zero-variance items
on KR-20. Journal of Educational Measurement, 1969, 6, 255-256.

Kuder-Richardson reliability formulas 20 and 21 should not be applied to tests
containing items either answered correctly or incorrectly by all examinees. The
extent to which KR-20 is attenuated by zero-variance items is derived.
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Shoemaker, D. M. Standard errors of estimate in item-examinee
sampling as a function of test reliability, variation in item difficulty
indices and degree of skewness in the normative distribution. Educa-
tional and Psychological Measurement, 1972, 32, 705-714.

Some procedural guidelines are available to aid the researcher in determining
the most appropriate number of subtests, number of items per subtest, and
number of examinees per subtest. Conspicucus by its absence in a series of
investigations was a systematic examination of the effect on standard etrors of
estimate due to variations in test reliability. The investigation described in this
article was primarily designed to remedy this situation. Additional parameters
considered were the variance of item difficulty indices o,* and degree of skewness
in the normative distribution. The parameters estimated were the mean test score
w and the standard deviation of test scores o.

Shoemaker, D. M. & Osburn, H. G. A simulation model for achieve-
ment testing. Fducational and Psychological Measurement, 1970,
30, 267-272.

A model was developed by the authors that simulates the administration of a
single test item to a single examinee. The result is a simulation model of great
flexibility for the sampling of both items and individuals.

To obtain type-12 sampling (Lord, F. M. Psychometrika, 1953, 20, 193-200)
(random items, subjects, & occasions) three features were simulated by the
model.

1) The test items: a set of k& items must be selected from an item popula-
tion. Each item must have a difficulty level and a content reference.

2) The examinee: a person with a specified ability level must be randomly
selected from a population of people in which the ability under consideration
is normally distributed.

3) Testing of examinees over items: does the individual pass or fail each item
in the test?

The model assumes a normally distributed standardized latent ability con-
tinuum. The probability of an examinee answering an item correctly is a normal-
ogive function of his ability level.

The authors employed their simulation model to empirically study certain
estimators, the gamma and gamma-stratified coefficients, of test reliability.

Simon, G. B. Comments on “Implications of criterion-referenced mea-
surement.”’ Journal of Educational Measurement, 1969, 6, 259-260.

The purpose of this article is to comment on a paper by Popham & Husek
Journal of Educational Measurement, 1969, 6, 1-9). According to Simon, the
distinction between criterion-reference and norm-reference applies not to the
nature of the test or to the content or form of the items, but concerns the
interpretation and use of the scores from the test. Thus, to keep a clear dis-
tinction when referring to criterion-reference or norm-reference, the term teszs
should be dropped and replaced by the term scores or measures.

Simon postulates that Popham and Husek suggest the use of a confidence
interval around the individual score because test-retest correlations may be low
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because of limited variability. Simon knows of no systematic way of deriving a
confidence interval that is not based on variability.

In discussing item analysis, Popham and Husek suggest modifying the use of
discrimination indices. Simon asserts that this should apply to any achievement
test or any test where the fundamental validity is content validity. He main-
tains that item discrimination statistics should not determine the content of the
test-—even if norn-referenced scores are to be used.

In Popham and Husek's discussion of negatively discriminating items, they
state that although it may be that some deficiencies in the instruction cause the
result, it is more likely that the item is deficient. Simon notes that such a
situation may not necessarily represent an item deficiency. Such items may occur
when the relationship between the amount of knowledge and performance on
the item is nonlinear. Simon concludes that the use of criterion-referenced
scores is appropriate to programmed instruction, specificd behavioral objectives,
formative evaluation and whenever mastery of subject matter or of skills is of
prime concern.

Sirotnik, K. An analysis of variance framework for matrix sampling.
Educational and Psychological Measurement, 1970, 30, 891-908.

Following a brief discussion of the methodology of matrix sampling, this paper
attempts to demonstrate the following points:

1)} Matrix sampling can be viewed as a simple two factor, random model
analysis of variance design, the matrix sampling formulas for estimating the mean
and variance being simply the point estimate formulas for estimating components
of the underlying linear model.

2} These formulas can be based on the weakest possible set of assumptions,
viz., random and independent sampling of examinees and items. No assumptions
about the statistical nature of the data need be made.

3) The literature is unclear with respect to the effect of the above sampling
assumptions on muitiple matrix sampling in the estimation of the mean and espe-
cially the variance.

4) Of the three alternative procedures suggested to deal with negative variance
estimates in multiple matrix sampling—equating the negative estimates to zero,
Winsorizing the distribution of estimates, or treating all estimates alike regardless
of sign—the third procedure appears to be the most promising. A simulation
study is necessaty to determine the shape of the small sampling distribution of
vatiance components for matrix sampling as well as the relative efficiency of
the three methods for handling negative estimates.

Sirotnik, K. Estimates of coefficient alpha for finite populations of items.
Educational and Psychological Measurement, 1972a, 32, 129-136.

This paper attempts to investigate implications for finite and known item popu-
lations of classical test theory and the alpha coefficient among items in paper-
and-pendil testing. Finite sampling formulas for a are derived and conceptual
problems relating to the treatment of the examinee-item populations are dis-
cussed.

The following was shown:
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1) An exact estimate of « is possible only in the infinite case; the estimate of
a in the infinite case is bounded below and above.

2) If error of measurement variance is conceptualized only as examinee-item
response variability, it can not be exactly estimated in either the finite or infinite
case. It can be overestimated by M5,

3) If error of measurement variance is conceptualized as a residual variance
obtained by pooling error and interaction components, it can be exactly estimated
only in the infinite case by MSg. The exact estimate of error of measurement
variance conceptualized in this way in the finite case is bounded below and above
by (1 — (m/M))MS.; and M5y, respectively.

Sirotnik, K. On “Estimates of coefficient alpha for finite poputations of
items.” Educational and Psychological Measurement, 1972b, 32,
1025,

Conceptual errors in the earlier article are pointed out by the author.

Sirotnik, K. & Wellington, R. Scrambling content in achievement test-
ing: An application of multiple matrix sampling in experimental
design. Journal of Educational Measurement, 1974, 11, 179-188.

This study is designed to research the question of scrambling item content
in the construction of achievement tests, in order that general implications could
be drawn for both examinee and item populations. To achieve this generality,
the methodology of multiple matrix sampling was combined with a simple two-
group experimental design: a random group of eighth graders responded to
mathematics, science, social studies, reading and language arts achievement
items organized in a scramble (random) test format, while another random
group responded to the same items organized in a fixed (segregated by subject
matter) test format. The results indicate that scrambling cognitive test items
has minimal or no effect on mean examinee test performance or on any of the
other parameters included in the analysis.

Slakter, M. 1., Koehler, R. A. & Hampton, S. H. Grade level, sex,
and selected aspects of test-wiseness. Journal of Educational Mea-
surement, 1970, 7, 119-122.

Test-wiseness (TW) has been defined as *‘a subject’s capacity to utilize the
chatacteristics and formats of the test and/or test taking situation to receive
a high score.”

The purpose of this study is:

1) to construct TW measures suitable for use in grades 5-11,

2) to administer the measures to students in grades 5-11 in order to observe
the relation of TW with grade level and/or sex.

The following TW behaviors were chosen: The examinee should be able to:

1) select the option which resembles an aspect of the stem,

2} eliminate options which are known to be incorrect and to choose among
the remaining options,

3) eliminate similar options, i.e., options which tmply the correctness of each
other,
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4) eliminate those options which include specific determiners.

A sex by grade multivariate analysis was performed on the four subscale
scores. Grade effects were significant at the .05 level. Neither the sex effects nor
sex by grade interaction effects were significant at the .05 level, There was an
increase in TW over grade level.

Smith, R. B. An empirical investigation of complexity and process in
multiple-choice items. Journal of Educational Measurement, 1970,
7, 33-41.

In this study, sets of test items were constructed in which there was an
attempt to hold content as constant as possible and systematically vary process
according to Bloom's Taxonomy rationale, (i.e., an “‘application” test, an “analy-
sis test, etc.) Hierarchical Syndrome Analysis was used to examine the question
of whether the various item types can or should be combined. (Hierarchical
Syndrome Analysis is a method of classifying people, institutions, or other
elements based upon the statistical distance between them.) Each test contained
items related to eight physical science principles. The data indicate possible ways
of combining Taxonomy item types based on the psychological distance between
the categories.

Solomon, A. The effect of answer sheet format on test performance by
culturally disadvantaged fourth grade elementary school pupils.
Journal of Educational Measurement, 1971, 8, 289-290,

This study was initiated to determine whether or not culturally deprived
youngsters are penalized by the type of answer sheet used in examinations. One
hundred-sixteen fourth graders enrolled in an inner city school receiving Title 1
funds were randomly assigned to one of three answer sheet formats for the
Reading section of the Metropolitan Achievement Test: response in test booklet,
response on separate non-machine scorable form, and response on separate
machine scorable form.

Answer sheet format was shown to have no effect on the test performance
of culturally deprived fourth grade elementary school students.

These results are in concert with those of Gaffney and Maguire (Journal of
Educational Measurement, 1971, 8, 42-44) and Cashen and Ramseyer (Journal
of Educational Measurement, 1969, 6, 155-158) and do not agree with Hayward’s
(Educational and Psychological Measurement, 1967, 27, 997-1004).

Stafford, R. E. The speededness quotient: A new descriptive statistic
for tests. Journal of Educational Measurement, 1971, 8, 275-277.

Based on Gulliksen's (Theory of Mental Tests, New York: Wiley, 1950) defini-
tions of a purely speeded test and a purely power test, a new statistic called
the “Speededness Quotient” (SQ) is proposed and defined as the percentage of
unattempted items in the total number of errors.

The SQ is derived by dividing the total number of unattempted items by the
total number of errors. The calculating formula is: $5Q = (NK — ZA)/ (MK — M)
where N is the number of examinees; K is the total number of items; A is the
number of items attempted by each individual, which includes the number of
rights, omits, and wrongs; M is the mean score.
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The author states that the §Q gives a statistic that is invariant over the number
of examinees and items when time is proportional, It is siressed that there is no
such thing as the $Q of a test but only the SO of a test with a given population.
It is suggested that the test publishers shouid report the SQ of a test especially
when reporting the reliability as an odd-even correlation coefficient.

Stallings, W. M. & Gilimore, G. M. A note on “accuracy” and “pre-
cision.” Journa! of Educational Measurement, 1971, 8, 127-129.

In the literature of engineering and ‘““hard” sciences, the term precision shares
a common core meaning with reliability as used by behavioral scientists. Accuracy
and validity have a similar semantic overlap.

In educational and psychological measurement, there is an interchangeable
usage of accuracy and precision in defining reliability.

The authors of this paper advocate the use of precision, rather than accuracy,
in describing reliability.

Stanley, 1. C. & Wang, M. D. Weighting test items and test-item
opinions, an overview of the analytic and empirical literature. Edu-
cational and Psychological Measurement, 1970, 30, 21-35,

‘The authors conclude that differential weighting of a considerable number of
positively intercorrelated item scores, with the weight for item 7 the same for all
examinees, seems quite unpromising. They note that Birmbaum's (In Lord &
Novick, Statistical theories of mental test scores. Reading, Mass.: Addison-
Wesley, 1968. 453-459) differential weighting of test items by levels of ability
of examinees has produced interesting preliminary results that are likely to be
followed up, and that Cleary's (Psychometrika, 1966, 31, 215-224) procedure
for securing regression weights that vary from examinee to examinee might
improve the predictive validity of test scores. Criterion-keying of the options of
right-answer items using Guttman’s (In P. Horst (Ed.), The prediction of
personal adjustment, New York: Social Science Research Council, 1941) pro-
cedure or perhaps a modification of deFinetti’s (British Journal of Mathematical
& Statistical Psychology, 1965, 18, 87-123) approach to option marking via
personal probabilities seems worth investigating.

Swaminthan, H. Hambleton, R, L. & Algina, J. A Bayesian decision-
theoretic procedure for use with criterion-referenced tests. Journal
of Educational Measurement, 1975, 12, 87-98.

The authors present an exposition of a decision-theoretic solution to the
problem of alocating individuals to mastery states on the objectives included in
a criterion-referenced test. Decisions are made by taking into account prior and
collateral information on the examinees and also the losses associated with
misclassifications.

Swaminathan, H., Hambleton, R. K. & Aigina, J. Reliability of cri-
terion-referenced tests: A decision-theoretic formulation. Journal
of Educational Measurement, 1974, 11, 263-267.
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The purpose of this article was to describe a decision-theoretic formulation of
criterion-referenced test reliability. It has been suggested that the primary pur-
pose of criterion-referenced testing in objective-based instructional programs is to
classify examinees into mastery states (masters or non-masters) on the objectives
inciuded in the test. The authors define the reliability of CR test scores in terms
of consistency of the decision-making process across repeated administrations of
the test. Specifically, reliability of a CR test is defined as a measure of agreement
above chance expectation between the decisions made about examinee mastery
states in repeated test administrations for each objective measured by the cri-
terion-referenced test.

Coefficient Kappa (k) takes into account the measure of agreement expected
by chance alone. k = (p, — p.Ji(1 — p.) where p, is the observed proportion of
agreement and p, is the expected proportion of agreement. k has an upper limit
of +1 and a lower limit of close to —1. Since we usually have only a sample
of examinees, k must be estimated. k is defined as the sample analogue of
k=(po _Pc)‘(l _P.-_).

The authors conclude that the coefficient of agreement k& and hence the relia-
bility of CR subtests is dependent on factors that affect the decision process.
These factors include: ’

1) the method of assigning examinees to mastery states,

2) selection of the cutting score,

3) test length,

4) heterogeneity of the group.

The authors state that decision-making consistency is a measure of the relia-
bility of the entire decision-making process, and that the test itself is only one
input into the decision-making process. In generalizing reliability data to a new
decision-making situation, alt factors that affect the process must be considered.

Werts, C. E., Linn, R. L. & Joreskog, K. A congeneric model for
platonic true scores. Educational and Psychological Measurement,
1973, 33, 311-318.

The authors provide an alternative formulation [to Levy (Psychelogical Bulletin,
1969, 71, 276-277)] which allows for the model parameters to be determined given
the structural specification of zero mean error and independence among errors
for different items and between errors and true scores. Their approach is drawn
from latent structure analysis (U. Grenander (Ed.), Probability and statistics,
the Harold Cramér volume. New York: Wiley, 1959, 9-38) for the special case of
dichotomous latent variables.

Werts, C. E., Linn, R. L. & Joreskog, K. G. Intraclass reliability
estimates: Testing structural assumptions. Fducational and Psycho-
logical Measurement, 1974, 34, 25-33.

Intraclass correlation reliability estimates are based on the assumption that the
vatious measures are equivalent. Joreskog's (Biometrika, 1970, 57, 239-251)
general model for the analysis of covariance structures can be used to test the
validity of this assumption.

Whitely, S. E. & Dawis, R. E. The nature of objectivity with the Rasch
model. Journal of Educational Measurement, 1974, 11, 163-178.
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Rasch and Wright have claimed that the Rasch model leads to a higher degree
of objectivity in measurement than has been previously possible. Whitely and
Dawis found that this is not so.

The authors conclude that the lack of impact of the Rasch model in test
development is due more to the current status of trait measurement than to the
properties of the model. Many of the advantages of the Rasch model necessitate
a different kind of data for trait measurement than is now characteristic of the
field. Explicit trait-item theory, locally independent items and routine admini-
stration of tests by computer, would be part of the necessary technological
sophistication.

Wilbur, P. H. Positional response set among high school students on
multiple-choice tests. Journal of Educational Measurement, 1970, 7,

161-163.

The theory behind the manipulation of the position of the correct answer and
of the most popular distractor was that if a positional response set should be
present, having the correct answer in the position for which the individual is
hypothesized to have a preference will tend to increase the score he would
receive on those critical items.

Each test consisted of nine different forms in order to manipulate the critical
items in nine different ways.

Form 1—had the correct answer for the 20 critical items in the first position,

Form 2—had the most popular distractor in the first position,

Form 3—had the correct answer in the second position,

Form 4—had the most popular distractor in the second position.

This procedure was followed for eight forms,

Form 9—had the correct answer randomized through the test with the restric-
tion that each of the four response positions contained the correct answer
exactly 20 times.

The results of this study lend support to the hypothesis that multiple-choice
objective examinations are relatively free of examinee response bias. No signifi-
cant evidence emerged for the existence of a universal positional response set in
this study.

The author states that no consideration of intra-individual positional response
set was made in this study and it may be that such a response bias might exist.

Wofford, J. C. The effects of item analysis methods and confidence
levels upon test validity and cross-validity., Journa! of Educational
Measurement, 1968, 5, 109-114,

The intent of this study is to investigate the effects of various metheds of
item selection and various confidence levels upon concurrent validity and cross-
validity. Direct item-discrimination and item-total score analysis methods as well
as validity maximizing methods are compared.

Results indicate that the cross-validities for this data are higher than the
concurrent validities,

The use of item-discrimination and validity maximizing methods markedly
increased the validity and cross-validity of the test over the unselected total fest
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score. The item-total score methods did noi yield tests of materially higher
validity than was found for the total test.

A decided advantage was apparent for the use of validity maximizing methods
in preference to the other methods. For situations in which high test validity is
desired, one should choose the validity maximizing method.

Results also indicate that the lower confidence level generally is found to yield
the more valid tests.

The author cautions that the results of this study should not be too broadly
generalized.

Zimmerman, D. W. An item sampling model for the reliability of
composite tests. Educational and Psychological Measurement, 1969,
29, 49-59,

The author shows conditions under which KR-20, KR-21, and Guttman’s
lambda one are equal to reliability defined as a product moment correlation.

Zimmerman, D. W. Variability of test scores and the split-half reliability
coefficient. Educational and Psychological Measurement, 1970, 30,
259-266.

The purpose of this paper is to determing necessary and sufficient conditions
undet which the split-half reliability coefficient, defined with respect to a propen-
sity distribution of half-test scores, is equal to the reliability of a test, defined
with respect to a propensity distribution of total scores.

The results indicate that, whatever the reliability of a test may be, and whatever
the source of variability in scores may be, the parameter value of the corrected
split-half reliability coefficient based on random splits is given by KR-21. The
present derivation extends Lyerly's (Psychometrika, 1958, 23, 267-270) results
{(which proved that for a given set of observed scores the correlation between
half-test scores over repeated splits and over persons, corrected by the Spearman-
Brown formula, is given by KR-21) by indicating that the correlation between
half-test scores over repeated splits, over persons, and over repeated testings
resulting in different sets of obsetved scores, corrected by the Spearman-Brown
formula, is also given by KR-21.

The author notes that the expected value of the sample KR-21 coefficient does
not equal the expected value of the sample corrected split-half coefficient, nor
does the expected value of either of these sample estimates equal the reliability
of a test. Although necessary and sufficient conditions under which the parameter
values of quantities such as KR-20, KR-21, and g, (the corrected split-half relia-
bility coefficient) are equal to p (reliability) can be stated, it is not known how
departures from these conditions affect the bias and efficiency of sample esti-
mates of reliability.
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