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ABSTRACT

This paper Iintroduces the concept of item sampling by
considering tThe possible cases that can arise when making
inferences from a sample of examinees and/or test items to a
population of examinees and test items. Item sampling is the
case In which both examinees and items have been randomly
sampled from a population of examinees and items. Formulas
have been worked out such that the data from the iftem sample
can be used to estimate the mean and variance of the population.
Computational examples are provided in the appendix to 1llustrate
the cases discussed.

Several further cases involving item samples are
introduced: (1) single item samples in a one-way anova with two
levels, (2) multiple item sampling for increased accuracy in
inference, and (3) multiple item sampling in a one-way anova
with two levels plus extentions to a two-factor design.

Recommendations based on examlinee gcore and item
difficulty variance are made for deciding on the number of
subjects vs. the number of items to sample from the population.
Certaln advantages as well as cautlions pertaining to item
sampling are discussed, and possible used of item sampling in

educaticnal research are proposed.



ITEM SAMPLING IN EDUCATIONAL RESEARCH

Most educational researchers collect empirical data as part
of their endesvors. Usually, the data are the responses of a
number of subjects to a collection of items. It is hoped that the
data will shed light on the substantive research questions. Some-
times, the responses of the individual students to the individual
items are the data or Interest, while at other times, the responses
of the Individual students to the total pool of items are desired.
Occasionally, some indices of the responses of the total group of
subjects to the entire test are examined, for example the mean
and standard deviation of the test scores.

In none of the above situations does the researcher go
beyond the data which has been collected; his aim is merely to
describe In some manner the responses of the subjects who were
tested to the items that were used. The analysis of the data
ranges from a simple report of the responses of the students to
the computation of summary statistics on the performance of the
group. Statisticians refer to the collection of possible analyses
as descriptive statistics--that is, descriptive statistics are
used when the researcher does not want to make any generalirations
beyond the data which have actually been collected. Often, however,
the educational researcher wants to make statements about larger
groups of data, which have not been collected but which might have
been collected. For example, a population of subjects is postulated,

a sample of subjects is drawn from the popuiation, the sample of



subjects 1s given a test, and the results of the measurement
procedure are analyzed not so much with a view to describing
the sample results but with the aim of making statements about
the inferred performance of the total population of subjects
on the test. The performance of the sample of subjects is, in
itself, of secondary importance; the primary interest is in
making inferences from the sample results to the population.
The targets of investigation are not the mean and standard
deviation of the sample, but the estimated mean and standard
deviation of the population.

For every descriptive statistic that might be computed
for a sample of people, there is a corresponding parameter for
the population of people from which the sample was drawn, and
there is a large cocllection of statistical procedures for
making inferences about a population of people based on the
data collected from a sample of people. There is, moreover, a
growlng tendency to use the term "statistical inference" to
describe the activity of using data on a sample of people'to
make inferences about a population of people.

It is alsoc possible to make inferences about a population
of items---that is, if a group of subjects is given a collection
of items, it is possible to treat the items as a sample from a
population of items and the tested subjects as the only subjects
of interest. In this case, the Inference is from the performance
of the subjects on the sample of items to the performance of the
same subjects on a population of items. "Psychometric inference"”

is the term which i1s used to describe this activity. It is



Important to keep statistical inference, (where the inference is
from a sample of people taking a fixed set of items to a population
of people and the same items), separate from bPsychometric inference
where the inference is from a fixed number of subjects and a
sample of items Lo the same subJects and a population of items.
Recently, attempts have been made to develop systematic
procedures for the case in which both people and items are sampled
and where Ehe inference 1s from a sample of people taking a sample
of ifems to the performance of a population of subjects taking a
population of items. To put the point more clearly, a random
sample. of subjects respond to a random sample of items, and
statistical inferences are made simultaneously with psychometric
inferences. Most of the work has been done-by Frederic Lord.
In his publications, Lord uses the term "item sampling" to
cover sltuations when items are sampled. Since items are gampled
in the case we have labeled "psychometric inference" and also in
the case where both subjects and items are sampled, we have colned
a new term'Statisticai—psychometric inference™ tc use in the
dlatter situation. This is a paper about "item sampling," but we
have chosen fo divide the general tople into twe more specific
cases. It should be understood frem the outset that.our treat—
ment of "statistical-psychometric inference" is not different
from Lord's presentations on "item sampling," and is often based
on Lord's analyses.
The three types of inference described above should be
kept separate from another kind of inference, the non-statistical

inference from a populaticn that was randomly sampled to a larger



target populaticn that was not randomly sampled. In "statis-—
tical inferencze,”" 1n "pzychometric inference," and in "statistlcal-
psychometric inference," the inference is from a random sample of
ltems and/or people to a population of people and/or items. The.
major strength of the inferences is that probablility theory can
be used to describe their accuracy and use of probability requires
that random sampling be uzed. In much educational research, the
population that is randomly sampled is not really the major target
populaticn, and a non-statistical inference is made only after
the statistical analysis is finished. The following situation is
an examplez A researcher has access to a schocl district. He
obtains a random sample of students from the school district, and
obtains data on the random sample of subjects. He uses statistical
inference procedures to generalize from the performénce of the
sample to the population of subjects in the school district. But
he really wants to generalize to all the schools in fthe area, per-—
haps in the county, perhaps in the state. These generalizations
are made all the time and they are not necessarily restricted to
educational research. Yet, they are not statistical in nature———
they are nct really based on probability but, rather, on the
Judgment of the rezearcher that he will not do violeqce to his
conclusions if he makes a larger generalization than is
completely warranted by his data gathering procedures,

Thege, then, are the major uses to which the educational
researcher uses data he collects. He might just desire to describe
the available data; he might want to make a "statistical inference";

he might want tc make a "psychometric inference"; he might want



to make a "psychometrizc-statistical inference"; and he might
want to make an "extra-statistical inference." The variousz
inflerences are pictured in Figure 1.

Hopefully, the fcregeing has achieved its purpose. it
has served as an introduction, placing item sampling in perspec-
tive.

If the reader turns to the literature, he will find that
little has been written about item sampling. The other kinds of
inference have been widely used and are extensively described
in statistiecs books and philosophy of science texts. "Statistical-
psychemetric inference," however, is a new field, and Frederic
Lord has been primarily responsible for its develcpment. Lord's
interest has been that of a psychometrician, and he treats item
sampling both as a basis for test theory and as a novel technique
for gathering data in some situations. We are not treating item
sampling as a basls for fest theory in this paper; our interest,
instead, is in trying to explain iten sampling as a new approach
to gathering educational data---an approach which appears in many
cases to be far superior to existing techniques.

In the next section of this paper, six general cases for
educational research wlll be presented. We hope that these six
cages will include most possible uses of item sampling. Not
every case willi, strictly speaking, include a different use of
item sampling, but some seemingly extranecus material is included
for clarity of presentation. At the conclusion of the paper, some
general statements about item sampling will be made. TFor the

time being however, let us make only one asserticn: while item
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for the various situations (viz., both item and subject popu-
lations infinite, both finite, or one finite and the other
infinite) are rather complicated; for all practical purposes,
the usual formulas for statistical inference will serve adequately.
Further discussion on this latter point will follow.

The fellowing cases begin wifh the most simple situations
and become more ccmplex. The presentations of the simpler uses
of item sampling are hopefully clear; the more complex cases
are buillt on the earlier material. The reader is requested to
be patient if the descriptions at first do not seem appropriate
for his needs for the later cases make much more efficient use
of 1tem sampling. The reader may also feel that statements about
optimal sample sizes are ncot sufficiently specific. They are not
specific because they are not known. However, as discussed later
in the section of general advantages, the exact specification of
the optimal procedure 1s not always necessary, especlally in the
situations where the alternative to an adeguate, but perhaps non-

optimal, procedure 1s no research at all.

CASE I: Statistical or Psychometric Inference:

Simple Item or People Sampling

If a sample of people 1s drawn from a populatién of subjects
and ig given a fixed set of items, simple formulas available in
most elementary statistics texts are adequate to provide estimates
of the mean and variance for the populaticn. The mean of the
sample is an unbilased estimator of the mean éf the population and

the sample variance (multiplied by a correction factor) is an



unbiagsed estimate of the population variance. Written in

score notation (see Appendix 2 for all notation),

(1) N
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If items {(and not subjects) are sampled, the procedures are the

same. The formulas, however, lcck a little different.
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It can be shown gulte easily that
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(see appendix 1, case 1, note). Case I is the simplest case,

and, as previously indicated, the inferential procedures for
Case I are given in most elementary statistics texts. (Simple

examples using Case I are outlined in Appendix i.)

CASE II: Simple Statistical-Psychometric Inference:

simple Ttem and People Sampling

In this case, a sample of people is given a sample of items,
and the obtalned data is used to generate estimates of the performance
of the population of people on the population of items. The formulas
for estimating the mean and variance of the population of subjects
taking the populaticon of items are either of formulas (1) or (5)
for the mean and

(10)

o —
~2 N (F -1) ] — iy 2 = E— 1=y 22
dy n (n -1) Sy (n -n) 3y (1 -F) S5

n (n-1) N (N -=1)
for the wvariance. Notice thedegference betweén the estimates of

Cf; as given by (3) and by (10). Formula (10) is far mecre complex



for 2 reasons: It assumes (a) that the item and subject popula-
tions are both finite and {b) that the inference must now not

only be made to a popuiation of examinees, but to & populaticn

of items. The reader should recall that 1n the sectlon preceeding
Case 1 it was recommended that both item and subject samples be
treated as beilng infinitely large. This would modify (10) as
follows:

(11)

~ D N 2 — = 2
dy © Tm-1y (1) Esy —iy (1-y) - Spg'

It was also stated that the usual formulas for stétistical inference

can be used in all item sampling situations. In other words,
although formula (11) gives the exact estimate of in {assuming
infinite populations), formula (3) will alsc give this estimate,

not quite as accurately, but adequately and simply} Computationally,
then, we can treat Case II in fhe same manner as we treated Case I;
the statistical inferences we make, however, are to two populations
instead of only one. (The difference between the various formulas

is illustrated with a computational example in Appendix 1, Case II,
note.)

At this point, item sampling procedures provide the investiga-
tor with a number of alternatives which are not ordinarily available
to him; for, if the researcher has a given population of subjects
and a given pcpulation of items, he must make some decision about
how many items and how many subjects tc sample. He might give all
the subjects all of the items; he might give all the subjects one
of the items; he might give one subject all the items; or, he

might give some of the items to some of the subjects. The guestion



is which of the possible data gathering procedures is most
efficient. To help explicate the issue, an example will be
presented. 1%f wiil also be used te 1llustrate later points.

L.et us consider a large high school which has been
given scme funds to establish a remedial reading program for
some of 1ts students. Six hundred students are eligible for
the program, and 300 of them are selected at random and placed
into the program. The school staff develops a set of 100 items
based on fthe instructional objJectives that they develop for the
special program. The school administrators would like to make
some statements about the effectiveness of the program. It is
decided that because of time and cost considerations, only 900
observations are feasible. (An observation is defined as the
response of cne student tc one item.) The number 900 is not
magical. There are usually some restraints on the amount of data
that can be collected, often based on administrative constraints
of cost problems. The number 900 was chosen Jjust to make the
example more specific,

Thus, for Case II, there 1s a given population of 300
subjects, a given population of 100 items and ccnstraints that only
900 observations are possible. What's moxe, in Case II, the
researcher is restricted to giving one sample c¢f items toc one
sample of subjects. However, there are still a large number of
alternatives: three items could be given to 300 subjects; 10C
items could be given to a sample of nine subjects; and of course,

there are many possibilities between these extremes.
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The following are the criteria for selecting data gather-
ing procedures. First, 1t 1s necessary to obtaln some information
about the relative homogeneity of the population of subjects and
of the populaticn of items. More specifically, 1t is important
to have some idea of the variance of relative observed scores of
the populaticn of subjects ((f;) and the variance of the ltem
difficulties in the population of ltems ((SE), If the items are
homogeneous in this special sense and if the subjJects are quite
variable, it is advantageous to take a small sample of items and
give these items to a large sample of subjects. If the items
are variable and the subjects arse homecgeneous, it is advantageous
to give a large sample of items to fewer subjects. It 1s difficult
to specify the exact number of items and subjects to sample
(the reader is referred to Lord (1965) for a more complete treat-
ment of the topic), but the ecriteria are very useful as gulde-
lines. It is not necessary to actually know the two varlances
menticned above, for available guesses would probably be quite
useful.

In the example of the high school remedial program, it
should not be difficult to estimate the variability of the sub-
jects and the variability of the item difficulties. If the items
are weil tied to the objectives of the program, i1t is probable
that the items will be less variable than the subjects and a few
items should be given to a larger group of subjects. The reader
who 1s concerned about the restraints imposed on the example is
requested to be patient because Case II, in itself, is not an
efficient use of item sgampling. (A sinmple example using Case L

is outlined in Appendix 1.)
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CASE III: Statistical-Psychometric Inference

With Two Subject Samples and

Cne Item Sample; Simple Hypothesgis Testing

In this case, the researcher wishes to perform an experi-
ment and test the hypothesis that the mean score of one population
of people is the same as the mean score of another population---
that is, the researcher has two populaticns of subjects and intends
to take two random samples cof subjects from these populations and
give to the two subJect-samples the same sample of items, and test
this hypothesis: ‘p‘y 1u"y = 0.

It may be useful to use the high school remedial reading
example here. The high schocl has 600 students who are eligible
for the remedial reading program. Three hundred are randomly
asslgned to the special program, and 300 receive instruction
under the "regular" program. It is important to note that the
two groups of 300 subjects can be desceribed in two ways.  On the
one hand, they can be viewed as two random samples from a larger
population of 600 subjects. On the other hand, they can be viewed
as two populations from which smaller samples can be randomly drawn.
If this distinction is c¢lear, the researcher's procedure is not
too difficult. From the twce populations of 300 each, he draws two
random samples of subjects and gives the two samples of subjecté
one sample of items, perhaps 25 items, randomly sampled from the
pool of 100 items. He uses the formulas suggested for Case II to
estimate the mean and wvarlance of the two populations of 300 subjects.

Finally, a simple t-test, where



(12}
?r _ &'n
t = on 2N -2 4df
2 N D
ay! + O"y"
where
(13) A
2
A2 _ G‘X,
a7 N

would be appropriate to test the null hypothesls that the special
remedial reading group is no different from the "regular" group.
It should be recognized, however, that certain aszsumptions are
being made by such a test. Specifically, we are, in effect,

pretending that the items were not a sample implying that the

1
Y1

and y{ would be uncorreiated scores, (i.e., Cov (y', y") = 0),
in which case the usual t-test for independent samples could be
used. In actuality, however, the yi and yg are nct independent,
being dependent on the particular item sample, which, in.fact, has
been drawn. The conseguences cf using the simple t{-fest are
evident if we inspect(}%? _gn s the sampling variance of the
difference hetween the fwo sample means. As always,

(14)
2 2 2 2 42
Cyrg =Gy + Gy ~ 2 Ty 76y 6y

where

(15) A,
Py 5 B3 Gy = cov (77, 7).
To the extent that the relative scores in the two experimental
conditions are positively correlated (a condition which will be
seen to mecst always prevail),(jéq_-u will be less than(jé, +

¥
(S;“ making the suggested t-test somewhat conservative. Again,



positive internal consistency is not difficult to meet in
educational evaluation research. In other words, assuming
nearly equal variances of and high positive ccorrelations

among item difficulties between the two groups, it willl be
advantageous to give fewer items to mcre subjects as long as

the Kuder-Richardson internal consistency of the total item pool

is positive.

CASE IV: Statistical-Psychometric Inference With Multiple

Item Sampling and Multiple 3Subject Sampling

The methods described thus far use item sampliing only
superficially. A more efficient procedure is to administer
different samples of items to different samples of subjects---
that is, a random sample of subjects 1s drawn from the population
of subjects and given a sample of items. Moreover, according to
the formulas given in Case II, the mean and variance for the
population of subjects taking the populatlion of 1fems is estimated.
Another random sample of subjects can then be drawn non-overlapping
with the first and given a sample of items. Estimates of the
mean and variance are again made. This is repeated with non-over-
lapping, equal-sized samples of subjects. The estimates of the
mean and variance are pooled (add up all the-estimates and divide
by the number of estimates) to provide a single estimate of the
mean and a single estimate of the variance of the population
of subjects taking the population of items. (See Appendix 1 for
a computational example.)

In this use of item sampling, a number of non-cverlapping

samples of subjects are given a number of samples of items. A



number of gquestions immediately arise. For instance, how many
people i(cr items) should be sampled? How large should the samples
be? Hocw should they be structured? In answering these questions
some_guidelines might be postulated. It is not neceséary to sample
the total population of subjects, although in many school settings
it may be Jjust as essy to do as not. It is important to sample
the entire population of items, for the exclusion of merely a few
items makes an important difference. It 1is important, alsoc, to
have every ifem respconded to az often as every other item and, if
necessary, data should be deleted to satisfy this suggestion.
What's mecre, it is better to have every item paired with every
other item at least once, and 1t is aliso desirable to have each
possible pair ¢f items responded fo as offten as any other pair.
This last recommendation may not always be feaslible. (Lord (1965)
refers to Fisher and Yates (1938) tables 17-19 as providing
assistance in fulfilling the recommendation.)

If it is possible to follow the guidelines, the procedure
for fulfilling the guidelines is the optimal procedure for obtaining
the most information given that number of cbservations., Of course,
if resocurces permit, it is sometimes desirable to obtain morse
observations for particular research purposes. Fcllowing the

guidelines also provides the best way of gathering more data,

CASE V: Statistical-Psychometric Inferences With

Multiple Item Sampling and

Multiple Subject Sampling in the Case of

Two Subject Populations: Hypothesis Testing

Hopefully, the reader has noticed that Case ITII was little

more than Case 1I, for it was extended to only two populaticns of
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subjects, while Case IV was an extension of Case II to multiple
item-subject samples. Case V is simply the next stage in this
series of exfensions. There are two populaticns and it 1is

desired to use f{he procedures of Case IV for each of the
populations and then to test a hypothesis about the means of
populations. Stated in the framework of Case III and the

remedial reading example, the situation is as fellows: the high
school has a pool of 600 students who are eligible for the special
remedial reading program. Three hundred are randomly assigned to
the special program; 300 are given the "regular" program. The
mean and variance cof fthe special group are esftimated by the procedures
of Case IV. The same is done for the "regular" group. Using
these data on the two groups a t-test can be performed. 4 far
more sensitive procedure¥®, however, would be to block con the
multiple item samples 1n a two-factor analysis of variance deslign.
Specifically, suppose 10 samples of items were given to 10 samples
of examinees respectively in each instructional program. A 10 x 2
factorial design, then, can be used for the analysis, with the
following advantages: (a) It will be posslble to test not only
for differences between instructional treatments, but for differ-
ences between item samples and the interaction between item samples
and treatments. (b) The variance due to differences among item
samples will be partitioned ocut of the error variance, making for
a more sensitive test of treatment effects. (See Appendix 1 for

an illustrative example of such an analysis.)

¥Recommended by Lord in a personal communication.
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There is an alternatilive procedure that'can be us=d in this
situation, and there are instances 1in which it may be mcre
desirable. Consider the "regular" group of 300 subjects.  In-
stead of using iftem sampling to estimate the mean and‘vafiance
of the 300 subjects on the 100 items, it 1s suggested that just
the mean of each item 1s estimated. This results in 100 numbers,
each number an estimate of the mean of an item for the 300 subjects.
The same procedure can be followed for the 300 subjects in the
special reading group. Thus, 100 pairs of numbers are obtained,
two estimated item means for each of the 100 items. A f-test
for matched pairs can be performed on these data tc examine the
hypothesis of no difference between the groups. This test 1s
quite powerful and also allows the researcher to report and
examine the item data. Since the item data can be very useful
for diagnostic purposes in the examination of the training program,
this approach may be the most valuable cne for many evaluation situa-

tions.

General Advantages of and Cautions About Item Sampling

The central idea of item sampling is simple. It 1is not
necessary to give every item to every subject if one desires to
estimate the performance of a group of subjJects on a group of items.
Much of this paper has been concerned with technical discussions
of whenAitem sampling would be an efficient data gathering procedure.
In these technical presentations it 1s useful to examine the optimal
circumstances for various uses of 1tem sampling. These fechnical

matters should not be allowed to obscure the fact that for many
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educaticnal 1ssues, especially in the field of educational
evaluaticn, item sampling prcvides the only viable method for
collecting adequate data. The practical problems of educational
research offten prohibit the use of students for more than a short
time but offen do not sericusly iInterfer with the testing of many
students. In these frequent cases the issue 1s not whether item
sampling will provide better parameter estimates than other
procedures. The polint 1s that 1tem sampling can be used and that
useful data can be collected. Perhaps, as mentioned on page 15,
the t-test that can be used is quite cautious, perhaps overly so;
but it can be perfeormed. Item sampling not only permits, in many
situations, more efficient data coilection, but allows the educational
regearcher tc perform some research which might not otherwise be
possible.

However, one should not ignore two aspects of item sampling
work. The first has already been mentioned: 1if is, that item
sampling is set up to assist in the estimation of group statistics.
The ordinary use of item sampling does not lead to statements
about the performance of the individual subject. The other
aspect of item sampling which should not be ignored is the fact
that i1t 1s predicted on the assumption that the response cof a
subject to an item is independent of the context in which the
item is presented. This assumption is made whenever one works
with tests and test theory; but it is probably of more importance
in item sampling, since the subject receives only a few items.
Because of this, it 1s suggested that the researcher not conduct
one item tests. What the size of the smallest test should be is’

not known, but tests of three tc five items would seem to be as
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small as is desirable.

Some Possible Uses of Item Sampling

To date, the authors have been able to find only one
published article which actually used item sampling (Plumlee,
1964). It is obvious, therefore, that further empirical research
is required to examine the actual performance of item sampling
techniques in practice. These studies should be performed in
situations where it 1s possible to collect data in several ways,
and should compare various ways of estimating population para-
meters on the basis of partial data.

But there are several possible uses of item sampling which
do not depend on the advantages of item sampling as opposed to
other techniques of data collection, These are uses of item
sampling where any other manner of collecting data 1s inappropriate.
Twe of these will be described briefly.

Most classroom tests are constructed for thé purpcse of
differentiating among students. The best test is said to be the
cne which has maximum variance since that test will make it
easiest to assign grades. This criterion tends to eliminate
those items which every student either passes or misses. Items
at about the 50 per cent difficulty level aré salid to be better
than other items. In short, therefore, items constructed tc
ascertain whether course objectives have been achieved are often
eliminated from classroom tests since they are often items which
most students get correct; the good instructor achieves his goals
and those items directly related to his goals are often passed

by most students. Item sampling provides a technique for obtaining
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b) Psychometric inference: N =
example, simply replace N with N
n
z
s.e=t Pe_ 25
p n 5 .

Appendix 1
Computational Examples
Caszse I
a) Statistical inference: N = 10, n = 5, and xgi = 1 if item
scored "correct" or Xgi = 0 if item scored incorrect.
Person N
X, P
1 2 3 4 5 6 7 8 g9 10 1 &L "8
11 O 1 0 1 0 1 1 0 0] 1 5 .5
2] 1 0 0 1 0 0 0 0 1 1 4 i
Item 31 1 1 0 1 1 1 0 0 0 0 5 .5
41 0 1 1 1 1 0 1 0 1 0 6 .6
5] 1 0 0. 1 0 1 0“ 0 1 1 5 .5
n _ _
zxgi 3 3 1 5 2 3 2 0 3 3
g
Vi 6 .6 .2 1.0.4 .6 .4 0.0 .6 .6
N
15 U1 5.0 A
7 = N =55 = .5 =‘py Calculated using (1)
N
= - 2
e T AT :
O’y = s = 5= = .07 Calculated using (3)

5. For purposes of
with n in above matrix.

=a;p Calculated using (5)
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Il
-
It

.005 Calculated using (7)

- - A A
Note: y=p=pu_=40_= .5

Case II Statistical - psychometric inference

Suppose N = 20, n = 10 and we have reason to believe
2 Pl
that (Sy is approximately .1 and p is approximately .01.
Furthermore, we are restricted to 50 item-subject observations
2
for reasons of time and money. Since (537 is large relative to
2
(S'p » 1t 1s advantageous to sample fewer items, say n = 5,
and more people, say N = 10. For example purposes, suppose we

get the same data matrix used in Case I,

N
= V.
¥ = izl 5 L = 560 = . %‘ﬁQ Calculated (1)
p=y=.5
2 _N-1 &2 9
Sy = = . = =5 (7-7) = .065 Calculated using (3)
1 %2y
: s§-= nn“ Ap = = (.005) = .004 Calculated using (7)
8 2 _ N('I\T—i) El(n_l) s - (f#-n) {3? (1-y) -521:[
Y H (n-1) ¥ (N-1) y p=

Ry [5(9) (.065) - (5)£.5 (.5) -.oo@= .05

Calculated using (10)
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A2 H(H"l)
Sr N (n-1) (n) (n-1

— 2 ~ -, = 2
: Iﬁ (N—l)sp - (N -N) {p (1-p) —Sygj
(Symmetrical analogue of (10))

20(9%(58%(4) [}0 (19) (.004) - (10) §.5 (.5) - ,06§ﬂ= ~.007

A
Since CS2 can not be negative, our best estimate of ng = 0.000,
Note: The difference in estimated valuss for(f§ and Cj%
between the computational procedures of Case I and Case II is two

hundredths and five thousandths respectively.

Case IIL Statilstical-psychometric inference with two subject

samples and one item sample: simple hypothesis testing

sSuppose we have access to 50 students and we want to compare
programmed instruction A with programmed instruction B. Suppose
we also have a fairly homogenious pool of 20 items related to the
instructional content but are restricted, in terms of eccnomy of
time and money, to only 100 item-perscn observations. Since the
test has a positive internal consistency, we can, for example,
administer 5 items to each of 10 students in each instructional
treatment. That 1s, we concelve of the 50 students as constituting
two populations of 25 students each, from each of which we randomly
select 10 students and assign one group to treatment A and the
other to treatment B. 5 items are selected randomly from the pool
of 20 and administered to each of the students after their instruc-
tional treatments.

We thus have two data matrices like that presented for Case IT
above. For purposes of example, suppose the data matrix for 4 is

that of Case II and the statistics we need for treatment B have been
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calculated. We then have the following data:

N' = 10 N" = 10
y' = .5 y" = .9
2 2

sy = .065 sgn = .050

Following the recommendation made in the paper, we can
treat the samples as being independent and use the usual t-test.

~ 0
.OO6,(§§" = ,004 Calculated using (13)

o
A
It

ct
1l

4.00 on 18 df calculated using (12)

. | AN | B s
HO./ny ‘py 1s rejected at p £ .001

Case IV: Statistical-Psychcmetric Inference With Multiple Item

Sampling and Multiple Subject Sampling

Suppose we have a 50 item test and wish to get norms for
this test on 200 people. We have, however, only the time or
money to make half of the 10,000 item-person obsefvations possible.
One alternative 1s to use either Case Ta (administer, say, all
50 items to a sample of 100 people - 5000 observations) or Case Ib
(administer, say, a sample of 25 items to all 200 people - 5000
observations). 1In each of these cases, either subject or item
information is being lost.

suppose, however, that we randomly select 5, non-cverlapping,
item samples of size 10 and administer them to 5, non-cverlapping,
random, examinee samples of sixe 40 respectively. This would
amount to 400 observations per sampling or 2000 cbservations total.

Each of the 5 sampling procedures would yield a 10 x 40

A

2
Case 11 - type data matrix for which ny

desired parameter esftimate) could be computed as illustrated in

and_ﬁ {and any other
¥y
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Case II. Suppose the following data was obfalned for each

of the five samples:

A2 N
Sample CYy ;El__
1 .20 .63
2 .13 241
3 .07 <55
4 .09 .82
5 .19 5T

Estimates for the entire item-subject population are
obtained by taking simple arithmetic. averages of the sample

estimates. Hence,

~ 2
_ .20+ .13+ .07 + .09 + .19 _ .68 _
Qy . : ° 14
A _ .63+ .41 + .55 + .82 + .57 _ 2.98 _
Py 5 5 - 60

Case V: Statistical-Psychometric Inferences With Multiple Item

Sampling and Multiple Subject Sampling in the Case

of Two Subject Populations: Hypothesis Testing

Suppose the problem in Case IV 1Is modified as follows: the
50 item test iz an achievement test on the content covered by two
alternative programmed instructional sequences A and B. We have
a group of 400 students which we randomly assign to the instruc-
tional treatments. Our purpose is to test the effectiveness of
freatment A;relative to treatment B with the same economilc
restriction--that is, only 5000 total item-examinee observations

are possible.
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We can simply extend the procedures Qutlined in Case IV
to our second sample of students. In other words, both examinee
samples are randomly divided into 5, non-overlapping, samples of
size U0 and given the same 5, non-overlapping, random gamples of 10
items respectively. The amounts to a 5 x 2 analysis of variance

design with 40 observations per cell which can be analyzed as

follows:
Source af
Ttem blocks Y
Treatments 1

Blocks X Treat-
ments Y

Error 390



1. i
2. g:
3. 0.
§, N
5. ,up:
6. A
n:
8 n:
g N:
10. N:
11. p
2. p
13. p:
14, r:
2
15. sp.
2
16'C§p'
~ 2

2

8, ~_:
1°-Gp
A0
19. -
9 P
20. 52:
y

S

g

ko)
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Appendix 2

Giossary of Terms

Lower case subscript used to identify the ith person.

Lower case subscript used to identify the gth item.

Mean rela

Fstimated

Mean item

Estimated

tive score on the population of items.
mean relative score on the population of items.
difficulty for the population of examinees.

mean item difficulfy for the population of

examinees,

Number of
Number of
Number of
Number of
The diffi

Mean item

ltems in a sample of items.

items 1n the population cof ifems.
people in a sample of pecople.
people in the-population of pecple.
culty of iltem g.

difficulty for the given sample of people.

Population Pearson product-mcement correlation coefficient.

Sample Pearson product-moment correlation ceoefficient.

Variance

Variance

Unbiased

of the sample of 1tem difficulties.
of the population of item difficulties.

estimate of the population variance of iftem

difficulties.

Sampling variance of mean item difficulty.

Estimate

Variance

Variance

of the sampling variance of mean item difficulty.
of the sample of relative examinee scores.

of the population of reiative examinee scores.
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26.

27.
28.

CY : Unbiased
y

relative

' Gt Sampling
240,
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estimate of the population variance of

examinee scores.

variance of mean relative score.

y: Estimate of the sampling variance of mean item difficulty.
Xgi: Score on item g by examinee 1i.
st Proportion of items in test answered correctly by
examinee 1, 1l.e., relative observed score of examinee 1.
v: Mean relative score on the sample of items.

Cov (y', y"):

Covariance between relative scores for the

2 experimental groups.
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