DETERMINANTS OF ITEM DIFFICULTY:
A PRELIMINARY INVESTIGATION

Jason Millman

CSE Report No. 114
July 1978

Center for the Study of Evaluation
UCLA Graduate School of Education
lLos Angeles, California 90024



The research reported herein was supported in whole or
in part by the National Institute of Education, Depart-
ment of Health, Education, and Welfare. However, the
opinions expressed herein do not necessarily reflect
the position or policy of the National Institute of
Education, and no official endorsement by the National
Institute of Education should be inferred.



Determinants of Item Difficulty:
A Preliminary Investigation

Jason Mi]lman]
Cornell University

Test items, all referencing the same instructional objective, are not
equally difficult. Some are hard with few students answering them correctly;
others are easy with practically all students getting them right. Even
seemingly subtle changes in the item content or how questions are asked
(format changes) may result in substantial changes in the percent of students
who can pass the item. What are the content and format characteristics that
distinguish difficult from easy questions? This investigation attempts to
identify some of the determinants of item difficulty within the context of

a first course in educational statistics.

Significance of the Work

Item difficulty is only a secondary concern with norm-referenced tests.
Although extremely hard or easy items are not desired on norm-referenced
tests, the primary consideration is item discrimination. Discriminating
items are needed to make comparative judgements. Criterion- or domain-
referenced test interpretations, however, attempt to be absolute rather than
comparative. Statements about the proportion of test items a student can
answer correctly depend directly upon the difficulty of the items chosen

to be on the test.

iThis investigation was performed while the author was a Visiting

Scholar at the Center for the Study of Evaluation. Special appreciation
goes to W. Scott Outlaw who, with Center support, provided much of the
computer programming work.



There is frequently a near infinite number of ways that mastery of an
objective can be assessed. Ideally, to insure a proper inference about a
student's ability with respect to the given skills or knowledges, the exam-
iner would want to include items that represent the myriad assessment varia-
tions. Limited testing time permits the selection of only a few items.
Knowledge about.the determinants of item difficulty would aid test makers to
select those content and format variations they should include in their sam-
ple of items to be reasonably sure that the skill or knowledge domain has
been sampled broadly.

Knowledge about the determinants of item difficulty can also be of
assistance to instructors and curriculum developers. Such information can be
a guide in the choice of which discriminations and practice opportunities

should be given most weight in the learning materials.

The Data Base

The author has developed a system for generating by computer multiple
variations of each item that might appear on a test. Stored in the computer
are item programs rather than specific items, as is done with most traditionai
computer-generated test construction systems. Each item program, written in
a specially constructed language that facilitates the writing task, is capa-
bte of producing many versions of an item form. Shown in Figure 1 is an ex-
ample of item form and two of the possible items that can be generated from

it.2

2Further information about the system may be found 7n Jason Millman
and W. Scott Qutlaw, Testing by Computer. Association for Educational
Data Systems Journal, 1978, 11, 57-72.




Item Form C6007

If {N} scores having a mean of'{M} and a standard deviation of {S} were

how many } of the scores would be'{1ess than }

normally distributed, {What percent greater than

17

Notes: N = RANDOM(10, 200, 10)
M = RANDOM(10, 100)
S = RANDOM{.2M, .3M)
X- = RANDOM(M-3S, M)} X- # M
X+ = RANDOM(M, M+3S) X+ #M

Two possible test items

1. If 80 scores having a mean of 47 and a standard deviation of 10
were normally distributed, what percent of the scores would be
less than 267

2. If 140 scores having a mean of 75 and a standard deviation of
19 were normally distributed, how many of the scores would be
greater than 717

Figure 1. Example of an item form and some possible test items.

The brackets in the item form indicate places where substitutions can
be made. As specified in the notes beneath the item form, various numbers
could be substituted for N, M, S, X-, and X+. Further, some items (such
as the second item shown in Figure 1, might ask "how many" and other items
"what percent." Similarly, "less than" or "greater than" might be chosen.
Finally, the score might be less than the mean (X-} or greater than the
mean (X+).

The authar wrote 133 item forms dealing with content taught in elementary
statistics. Items generated from these forms appeared in a series of mastery
tests administered as part of his course. Student answers were later typed

by a secretary into the computer. Using a monitoring system created for the



purpose, it was possible to obtain item difficulty indices for each of the
planned variations.

Figure 2 is a reproduction of the score tabulations for Item Form C6007,
the form described in Figure 1. The trivial variations in the values of N,
M, and S were not recorded in the computer printout. A score category of
zero means no points deducted (answer was correct). Of the 23 times that
"how many" appeared in the item, 12 times (or 52% of the time} the question
was answered correctly. In contrast, the questions asking "what percent"
were answered correctly 93% of the time. The versions "z neg" and "z pos"
reference whether the "scores" referred to in the item were less than the

mean {X-) or greater than it (X+}.

Item Form C6Q007

--VYersion-- -Score Category Frequencies %
No. Value 0 1 2 3 4 5 7 8 Total Correct
1 how many 2 1 4 2 0 4 0 0 O 23 52
1 what percent 13 0 0 0 0 1 0 0 O 14 93
2 greater than 13 1 2 1 6 1 0 0 O 18 72
2 less than 12 0 2 1 0 4 0 0 O 19 63
3 zneg 4 o0 1 2 0 1 0 0 0 18 78
3 z pos 17 1 3 0 0 4 0 0 O 19 58

Totals 75 312 6 01 0 0 O m 68

Figure 2. Score tabulations for Item Form C6007.



Limitations of the Data

The fact that the entire data base consists of responses from one class
of students seriously limits the generalizability of the results. The import-
ance of a factor can obviously be influenced by the instruction to which the
students were exposed. For example, the items illustrated in Figure 1 require
the student to Took up a percent in a table of areas under the normal curve.
Had the author emphasized in his classroom instruction the additional step
of converting these percents to frequencies (as required when the "how many"
version appears), it is doubtful that the item difficulty of this version
(52%) would have differed so much from 93%, the percent of students who
answered the question correctly when the conversion to fregquencies was not
needed.

Nevertheless, although observed differences in item difficulties among
the versions can be reduced by appropriate instruction, their existence indi-
cates the importance that the dimension on which the versions differ be con-
sidered in the test construction item sampling plan.

Relative item difficulties are also influenced by the ability of the
student group. Whether or not the test items required calculations with
decimal numbers was, with one exception, essentially unrelated to how hard the
item was. With a less able group than the University students involved in
this study, use of decimal numbers could have made the problems significantly
harder.

Also important is the degree to which variation along a dimension or
factor is permitted. Versions that differ only sTightly on a factor are less

Tikely to yield meaningful differences in item difficulty than versions in which



extreme levels are permitted to appear. For exampie, size of data display
was found not to be meaningfully related to item difficulty. However, the
versions being compared were rather close. In one case, a 2X3 matrix of
numbers was compared with a 3X4 matrix. Had the comparison been between
2X3 and 50X100 matrices, a different result might have been found.3

Two additional Timitations of the data base deserve to be mentioned.
The small number of students in the class (N=30) resulted in insufficient
power to estimate accurately the various effects. This failing is perhaps
not so serious for a study intended to suggest a procedure for inquiry into
the determinants of item difficulty as it would be for an investigation whose
goal is to produce more definitive information about such relationships.

Also hindering the discovery of the determinants of item difficulty is
the fact that most items were answered correctly by most students. Content
and format variations are most apt to make a difference when students have
an intermediate amount of control over the subject matter and not when they
have near mastery of it.

This study did take advantage of a natural situation in which students
were being instructed and tested in an on-going, semester-long course.
Although the variables manipulated during generation of the items were not
of particular theoretical interest, the procedure does allow not only more

interesting variables to be considered in future studies but also permits the

3The problem is that of interpreting “variance components” in fixed
effects designs. For further discussion, see G. V Glass and R. Hakstian,
Measures of association in comparative experiments. American Educational
Research Journal, 1969, 6, 403-414.




investigation of a large number of variants of item form and content in a

single research effort.

Analysis Procedures

Most factors were treated as dichotomies and corresponding 2x2 contingency
tables were set up. Phi coefficients and the associated chi square statistic
using a correction for continuity were computed, These data are illustrated in

Table 1 for the how many/what percent factors. {See Figure 2 for the raw data.)

Table 1

Relationship between the How Many/What Percent Factor

and Item Difficulty

Factor
How What
Many percent Total
Right 12 13 25 o = -.42
Wrong 1 1 12 % =4.85
% correct h2% 93% 68% p = <.03

Estimated Difference (80%)=.34

In the example shown in Table 1, the correlation, ¢, is -.42 indicating a mod-
erately strong relationship between the factor and whether or not the item is

answered correctly. This relationship is significant at the 3% level (2-tail).



In this example, the item was answered correctly 25 out of 37 or 68% of
the time. The difference in item difficulty was .41 (that is .93 - .52 = .41).
To facilitate comparisons among the factors studied, this difference in item
difficulties was estimated for the situation in which the item is answered
correctly 80% of the time (in contrast to 68% in this case) and in which the
two versions are presented equally often. Thus, had the contingency table
had 80% of the cases in the "Right" row, equal number of cases in each column,
and ¢ = -.42, then the difference in item difficulties would have been .34
(instead of .41). Unless the "p" value is low, such differences are subject
to wide sampling fluctuations and should be so interpreted.

Frequently available are several contingency tables of data representing
different items yet involving the same factor. With such replications, the
several ¢ coefficients are averaged (using a Fisher Z transformation) and the
difference in item difficulties assuming an 80% overall success level is
estimated using this mean value,

The overall significance level is computed by summing the z-score equiva-
lents of the X2 values and dividing by the square root of the number of data

sets.4

Since the same examinees frequently contribute more than one data value,
none of the probability values shown in the tables to follow should be taken

too seriously. Further, the XZ values are only approximations because sample
sizes are frequently small, although all data sets that did not contain at

least four observations in the "Wrong" row were eliminated.

4Richard B. Darlington, Radicals and sduares: Statistical methods for
the behavioral sciences. Ithaca, N. Y.: Logan Hil11 Press, 1975, p. 525.




Findings

Many of the results are presented in Tables 2 through 6. An attempt
has been made to divide the item variations into homogeneous groupings.

The effect of changes in format on item difficulty is shown in Table 2.
For the 23 true-false item forms considered in Table 2, there was but a
minor tendency to answer "true" statements correctly more often than "false"
statements. The mean correlation is .07, and the probability of such a
value if the true relationship were zero is high {about .33). On an item in
which 80% of the students answer correctly, this format variation would be
expected to make a .05 difference in difficulty level.

None of the format variations resulted in particularly strong relation-
ships with item difficulty. The possible exception is whether or not the
right answer is included among the options of "none-of-the-above" questions.
Sampling error is so large that an accurate estimate of its effect is not
possible. Not shown in Table 2 is a significant (p <.01) tendency for students
to identify statements that are sometimes true as "never" true rather than
"always" true.

Linguistic variations are related to item difficulty in Table 3. None
of the relationships is significant at a high Tevel, although the direction
of the relationships makes sense in several instances. Items containing the
word "transform" are easier. Such a term was used in the textbook to signal
problems of the type being tested for. Problems containing "X" and "Y", the
symbols used in the corresponding formulas in the texthook, were s1ightly
easier than problems not containing such symbols.

The word order, in all three cases, had a nonsignificant relation with

item difficulty. Not identified in Table 3 are six item forms each of which



uo S3uspnis ayjl Jo

%08 4L SUOLSJUDA JBPARY pUR USLSLD BUY] UDIMIBQ SBLI{NOLIILD WAL UL DOUDUDLLLP PajeuL3s]

*A13094402 Suol3sanb ay3 JsMsue 03 aJ40M abedaae oYz

q
"3SALY pajUSsAUd S| UOLSUDA JDLSEd BYL,

20’ 0g°< 20° 1 SABQUNU ABMD{°SA DAL 01 S4dQUNU 30} AepdsLg ejeq
22" 0g"> 12" 1 UaALB si Jomsue 3ybiy °SA suoprdo Huowe J0u SL Jamsue JYbBLYy DAOGR-3YL-JO-3UON
90" 05" < 20" Z Pa4apPJ0 10U ‘SA PIUIPJIO :SL Z UUN|O) °*PAUSPJO SL [ Uuwn|OY) Burysyep
§0° €er> L0° €2 SIUBUWR3R]S ISR °"SA SJUSWRIeRLS BNU] as|ef-andl
gqous *qodd ¢ S ¢ m:ona@Lumwo J1410adg :prwmmw

~48933Ld

ueap 40 ‘ON

i P o

e iy -

 R3LMOL4LA WRIT puB

U0 WRR] :muspma m_;mgorwmﬁmm )

¢ 2lqel

10



UO SIU3PNIS BYl JO %08 41 SUOLSUIA JBpJRY puUR UBLSED BY] USBMIDG SBLI|NDOLJJLP WL UL 3DUSUSSLLP PalewL}sy

*SIUBLOLSID0D Lyd uanoy Jo ueaK,,

*A1398440D Su011S3Nb 3Y3 L3MSUR 01 DJaM abedaae STl

q

"3S4L4 paJUBSBUd SL UOLSUDA uBLSED BYL,

**|enplALpuL Ue BUL} Y3 JO F[BH ‘SA SWLI BYY JO 4LRY"* [ENPLALPUL Uy

T 05'< 0e* U9puUQ
L 0§°< L A ®aq LM X A&1l1lqeqodd SA X UR 3G [|LR A A3111qeqodd
60° 0§°< LL° [S “2S ® Ul *SA 2§ € Ul |§ ot
- 50" 05"« 90" «Qn PUR LB *SA 3, dO D,  SUOLIN3L3SQNS
el §l's St nhu PUR N, “SA A, PUR X, [oquiAs
02° AT (*"e 40 9113ua043d Yagg "B3) Lequan “sa ($06 <-5-3) joqurs
L0 05°< 80 X = ¥ 40 A3L[1qeqOUy "SA Y ade %X SuoLssaudx3
Ll 6E'> l2° .25URYD,, 4O | TUDAUOD, *SA WIO4SUBUY, shouwAuouds
¢l’ 05°<  tlL° «9BUBYD , "SA |, J43AU0D,,
;mewﬂm ‘qoagd ¢ pUOL3d L4053 O t4100dg Adobore)

A3LnoL441a we3] pue abenbue ussmMiaq diysuoLie|ay

€ 2lqel

11



S3U3pNIS ayz Jo

-£[2924400 SUOLISANb aYy3 JaMsue 07 a4dM abedaae dY3 uo

%08 41 SUOLSASA J9pJRY PUR JUSLSPD BYJ UDIMIOG SILILNDLIJLP WAL UL BOUIIDLILP pajRulLlsd,

"1SJ[4 PIUBSAUd SL UOLSUBA 43LSEd BY],

LL° 60°> e’ 9 sdags aJoy *SA sdals JaMma4 K31x92|dwo)
10° 0§ = Lo* g SADQUNU 4DMO “SA UOLIE[NI)RD UL SJABQUNU 3U0Y Junowy
ar- 20" = e 2 K1308ex8 @3B |NO1e) "SA 9JBWLIS] Aoeanooy
L0° 067 < 60" VA UOLILPPY ~SA U0Ll32043Qns suoLjedado
L0 06°< Lo- ¢ UOLSLALQ "SA UOL3eDLIdLI3|NW  [edL33uWylLay
L0° 0g°< 60° 1 SJ49qUNY | RWLO3p BWOoS saaqunu
*SA SJaqunu 433Ul || BULALOAUL SuoLlRlND|R) [ewL2a(q

a0 £e > 80" 8 san|eA aAljebau auwog sJdagunu
*SA SJA3QWNU dAL3LSOd |[@ SSAJOAUL UOL3ERIND|R] aAlaebaN

UL ¢ s, ¢ :

-mekvo 94d ooy o' -oN QuoL3d1u0sag o1 Loads Ai0B31e9

R1LNOL4410 W]

—

pUR SJUSWRLLNDSY UOLIRLND|R) UL UOLleLUARA UDIMISq dLysuoLielsy

¥ 9lqel

12



s1Uapn3s ayz Jo

*£110384400 suolrlssnb ayy Jsmsue o3 auam abedsae sy uo

%08 41 SUOLSUBA UBPRY PUR JDLSEd BY} USIMIBG SDLIINDLISLP UBIL UL BDUDIB44LP paeuLIsd,

‘3SALJ pauUdsOUd SL UOLSUBA UDLSED Yl

£¢’ vLe> 8¢’ VA [BAD] Z0L "SA [3AR| 7%¢
00’ 05°< 00" ¢ L9AS| Z0L 40 %2 "SA |9A3[ %G 40 %] SloA97
L o> AN A [PAJUDIUL BDUBPLIUOD %4GH *SA [BAJDIUL IDUSPLIUCD %66 gouedLiiubLg
¥0’ 0§°< G0° £ [BA3L %G "SA [9A3] %1
gL GL*> Ll ¢ aUeS Y3 dde Subis USYM eaudy
"SA SUBLS JUDURJILPp JO SIU03S-Z OM] UIDMID] BDJY
el £L°> L L $,Z OM] uzaMlaq eady
*SA 94028-Z 9|buLs ¢ (< 40) > eady 9AANY
[elaoN
AN GE > A L Z 9AL3Lsod e U0} wAUY A8pun
*SA 94002S-Z 9AlleHau B YILM pPaleLI0SSe eady gady
10° 0G°< 10" PA 148 9Yy3 03 eady
*SA 9J402S-Z U3ALD e Jo 3ybLd4 BY3 03 eBdUY
20U, ¢ S, ¢
-;mmm_m qodd ueay 40 *oN m:o_pawkommc oL L1oadg Auob3agen

AILNDL441Q WRII PUR SUOLINGLALSLQ

[RD139409Y] J3pU[] SeaJy 1N0ge SUOL]SIN) UL SUCLIRLJARA UDaM3aq dLysuoLle|ay

G 9lqel

13



$3UBpn3s 8yl jo

*£11094400 suoL3sanb ayz JaMsue 03 a4aM abesdAR Y3 UO

908 41 SUOLSUDA JBPURY PUR ADLSED DY} USBMIB] SILIINDLLLLP WBJL UL 9DUBUSISLP PIjewLds]

q

'3S4L4 PIIUISBUA S| UOLSUDA UBLSBA BYL,

o 10> £y 2 Poppe Sl UOLIPAJDSQO Ma) 'SA pabueyd si uoL}eAdasqo 9|bBuLS
€0° 0G°< t0° VA OX(3f+X) WO SYL “SA 34XO W04 BYl JO SUOLIRWUOSSURBM] SUOLjewMoLSuURLY

Juel1su0d e Aq UOL3RAJLDSQO

o 62> 6¢” VA Yoea = 40 X *SA UOLIRAUDSQO yoed 03 JURISUOD - JO +

Le” o> 6E" ¥ UsALBS jou adeys *SA paLiLiuspt uolinglaisip o adeys
suoLInqialsiLg

e’ 06°< 20’ € paMays Q0N ‘SA DaMaYS

L 12> L A suns J0 aJenbg "SA sadenbs jo ung
L1 9¢ "> LZ° Z syonpoad 40 wng *SA sadenbs jo ung J407edadq
‘ . uo L3 euung

L gL°> vL £ 019 “s3onpodd ‘sadenbs Jo sung *SA wns 3|dulg
-mewﬂm 14044 :mwz mw.ﬁoz puo13d14053q dL4Lo0ds Kaobaren

A31N21441Q WS pUR SUOLISONY SNOBUE||BISLY UL SUOLIBLARA UDBMID] diysuolie|oy

9 Qlqe]

14



contains two variations in the order of the required statistical operation.
Examples include performing an r to Z transformation vs. a Z to r transforma-
tion and given a property to name the measurement scale vs. given a measure-
ment scale to identify the corresponding property. Again, the relationship
to item difficulty was negligible, with a mean probability value for the

six item forms of close to .50.

Many of the statistics questions involved calculations. Summarized in
Table 4 is the effect of variations in the nature of the calculations on item
difficulty.

The type and number of data values had only a small relationship to
item difficulty. An exception, not shown in Table 4, is a specific item form
which employed percent values less than one (e.g., .0072%). Items containing
such small percents were missed a relatively greater percent of the time
(¢=.47, p < .07).

Although the sheer number of calculations did not affect item difficulty,
the number of different steps in the calculation was associated with how often
the item was missed. Further, students found it easier to estimate a statistic
than to compute its value without error. (Next year when calculators will be
permitted, the difference between the estimation and calculation versions may
not be so large.)

Additional variations in item content and their correlations with item
difficuity are shown in Tables 5 and 6. Two significant (p<.01) content varia-
tions are whether or not the shape of a distribution is specifically stated
in a question and whether the effect on distribution statistics of changing or

adding a new observation is asked for. In the former example, students would

15



tend to assume a distribution was normal (or symmetric) when asked questions
about the characteristics of such a distribution or statistics computed
therefrom.

It is not surprising that changes in item content (rather than in item
format or in linguistic structure) are associated with the large correlations.
Unfortunately, these variations are fregquently specific to the item and do
not lend themselves to general formuTation.

Perhaps a general rule is that questions that begin to require different
knowledges are most apt to have different difficulty levels. For example, one
item form identifies the probability of X, the probability of Y, and the proba-
bility of both X and Y. The question asking for the probability of X or Y is
much easier than that asking for the conditional probability of X given X or
of Y given X (¢=.48, p<.01). The implication of this rule for the educator
or test constructor is to underscore the importance of identifying the range
of knowledges to be taught or tested.

In spite of the limitations of the data mentioned above, this preliminary
investigation does add additional support to the view that item difficulties
can be made to fluctuate by changes in how the questions are asked. Further

study, more systematically designed and employing variables of more theoreti-

cal interest, is clearly needed.
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